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DEVELOPWNT OF AN ~ A L Y S I S  FOR THE DETERMINATXON OF 

COUPLED HELICOPTER ROTOR/CONTROL SYSTEM DYNAMIC RESPONSE 

PART I - ANALYSIS AND APPLICATIONS* 

By Lawrence R. Sut ton and Stephen A, Rinehart  

Rochester Applied Science Associates ,  Inc.  

SUMMARY 

A theoretical a n a l y s i s  i s  developed f o r  a coupled h e l i -  
copter  r o t o r  system t o  allow determinat ion of the steady- 
s ta te  dynamic response behavior of h e l i c o p t e r  r o t o r  systems i n  
s t eady- s t a t e  forward f l i g h t  o r  maneuvers. The e f f e c t s  of an 
a n i s o t r o p i c a l l y  supported swashplate o r  gyroscope c o n t r o l  system 
and a deformed free-wake on the  r o t o r  system dynamic response 
behavior a r e  included i n  t h i s  ana lys i s .  

The a n a l y s i s  involves  t h e  u t i l i z a t i o n  of a. conbination of 
Laplace transform and t r a n s f e r  matr ix  techniques such t h a t  a set 
of Laplace transformed equat ions i n  matr ix  form r e s u l t  which in-  
c lude interharmonic coupling of the b lades  due t o  t h e  con t ro l  
system and b lade  aerodynamic coupling. The s o l u t i o n  of t h e  m a t r i k  
equat ions r e s u l t s  i n  t h e  determinat ion of t h e  harmonic conten t  of 
t h e  b lade  response; d e f l e c t i o n s ,  s lopes ,  moments, and shea r s ;  and 
of t h e  con t ro l  system response.  The cons idera t ion  of a deformed 
free-wake r e q u i r e s  an i t e r a t i v e  procedure t o  be appl ied  t o  t h e  
fundamental a n a l y s i s  s i n c e  t h e  r o t o r  system w i l l  respond t o  a 
downwash d i s t r i b u t i o n  r e s u l t i n g  i n  a modified downwash d i s t r i b u -  
t i o n  on t h e  r o t o r  system. Wake-induced v e l o c i t y  in f luence  co- 
e f f i c i e n t s  and the  i n i t i a l  nondimensionalized bound c i r c u l a t i o n  
values  necessary t o  determine t h e  i n i t i a l  downwash d i s t r i b u t i o n  a r e  
obtained from use of an e x i s t i n g  free-wake a n a l y s i s .  

A d i g i t a l  computer program based upon t h e  a n a l y s i s  developed 
w a s  executed f o r  a swashplate con t ro l l ed ,  a r t i c u l a t e d  r o t o r  
system i n  s t eady- s t a t e  forward and maneuver f l i g h t  conf igura t ions  
inc luding  a deformed free-wake t o  a s c e r t a i n  t h e  v i a b i l i t y  of t h i s  
t h e o r e t i c a l  a n a l y s i s .  The dynamic response r e s u l t s  obtained from 
these c a l c u l a t i o n s  i n d i c a t e  t h a t  t h e  coupled r o t o r  system dynamic 
response a n a l y s i s  provides an accura te  and improved s imulat ion of 
a h e l i c o p t e r  r o t o r  system. 



INT RODUCTIQN 

In recent years the design of helicopter and V/STOL rotor 
systems has required a more realistic representation of the 
dynamic and aeroelastic behavior of rotor systems, The pre- 
diction of rotor-induced aerodynamic flows has recently under- 
gone extensive refinement, primarily due to the need for im- 
proved predictions and to the development of large-capacity 
digital computer systems, The desire for increased performance 
and other considerations have stimulated the development of im- 
proved analytical t o o l s  for use in the design of helicopters. In 
spite of the technological advances which have been accomplished, 
helicopters continue to be limited in their operational envelope 
often as a result of severe oscillatory airloads and rotor system 
response, There still exists a need for a better understanding 
of the causative physical phenomena for the behavior of full-y- 
coupled rotor systems, 

The analysis which was developed and the computer pLograrn 
which resulted are a part of an increased effort to develop 
better theoretical methods for the study of helicopter rotor 
systems. Improved high-harmonic airloads’determination alone 
is of limited usefulness in blade response analysis unless 
compatible blade models are employed in the dynamic response 
computations. Inter-blade coupling due to the control system 
and aerodynamic coupling can have significant effects on the 
torsional dynamic response behavior of a rotating helicopter 
blade. In order that the behavior of helicopter rotor systems 
can be more accurately predicted, a theoretical analysis was 
developed which includes the effects of; high harmonic airloads, 
anisotropic control systems, interharmonic blade coupling, and 
coupling of blade motions with a deformed free-wake. 

SYMBOLS * 

a speed of sound 

m a th length of rigid rocker arm attached to m- 
blade, positive if rocker arm aft of 
quarter chord,m 

*All units given in SI units but equivalent English units may 
be used if applied to all definitions of program variables. 
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[A]. ( i )  , [fi.] ( i )  m m 
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15 k , n  m 

r e a l  t i m e  and Laplace transformed blade 
t r a n s f e r  matr ix  a s soc ia t ed  with m a s s  and 
i n e r t i a  e f f e c t s  f o r  t h e  i- s t a t i o n  on t h e  
m- b lade 

t h  
t h  

real  p a r t  of a Np harmonic s ta te  v a r i a b l e  
inboard of t h e  i- s t a t i o n  t h  

t h  r i g i d  o f f s e t  of j- l i n e a r  sp r ing  swash- 
p l a t e  attachment from n e u t r a l  a x i s  of r i n g  
( p o s i t i v e  i f  o f f s e t  is  toward t h e  c e n t e r  
of r i n g )  

real  t i m e  and Laplace transformed blade 
t r a n s f e r  matr ix  a s soc ia t ed  with a bend or 
f i n i t e  t w i s t  of a b lade  s e c t i o n  

t ransfer  matr ix  r e l a t i n g  con t r ibu t ion  t o  
t h e  k-sh i f ted  s ta te  vec tor  harmonic coef- 
f i c i e n t s  a t  t h e  inboard end of s e c t i o n  i 
of b lade  m from t h e  n-sh i f ted  b lade  t i p  un- 
knowns harmonic c o e f f i c i e n t s ,  where, f o r  
example, a k s h i f t  denotes a harmonic 
-k/rev. r e l a t i v e  t o  the Np/rev. harmonic 
( t h i s  double s u b s c r i p t  no ta t ion  denotes 
t h e  same form of r e l a t i o n s h i p  i n  o t h e r  
a r r a y s )  

po r t ion  of f i n a l  s e t  of r o t o r  and swash- 
t h  p l a t e  equat ions assoc ia ted  w i t h  t h e  m- 

b lade  

matr ix  r e l a t i n g  con t r ibu t ion  t o  s t a t e  
vec tor  f o r  t h e  m- b lade a t  i- blade 
s t a t i o n  from t h e  c o n t r o l  torque appl ied t o  
b lade  through rocker a r m  

t h  t h  

imaginary p a r t  of a Np harmonic s t a t e  v a r i -  
t h  a b l e  inboard of t h e  i- s t a t i o n  

l i n e a r  damper s t r e n g t h  of j- c y c l i c  
spring-damper u n i t  support ing t h e  swash- 
p l a t e ,  N-sec/n? 

- t h  
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[‘kl m 
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l-u C 

th lateral angular damper strength of j- 
cyclic spring-damper unit supporting the 
swashplate, N-sec/rn 

longitudinal angular damper strength of 
j- cyclic spring-damper unit supporting 
the swashplate, N-sec/m 
th 

th defines the blade chord at the i- blade 
station of the m- blade th 

matrix relating contribution to state 
th vector at i- blade station from the dis- 

continuity in torsional. deflection at the 
pitch bearings 

portion of final set 05 rotor and swash- 
plate equation coefficients associated 
with the coupling of the m- blade with 
the swashplate response, defined by 
Equation (150) 

th 

blade transfer matrix associated with a 
lumped aerodynamic station, accounts for 
periodically varying aerodynamic terms 
involving d/dt 

harmonic blade transfer matrix associ- 
ated with lumped aerodynamic station 
obtained by Fourier analysis of previous 
variable 

total aerodynamic blade transfer matrix for 
a transfer across the i- station on the 
m- blade 

th 
th 

lift coefficient 

lift coefficient limit for  special stall 
model 

lift curve slope at 0 radians ang1.e of 
attack 

drag coefficient 
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C 
m2D, 

two-dimensional stall limit moment 

stalled 

cG 

cGX 

GY 
C 

C 

C '  

dm 

['n-k,n 1 m 

damper strength of collective spring-damper 
unit supporting gyroscope,N-sec/m 

lateral damping coefficient of gyroscope 
foundation support, N-m-sec/rad 

longitudinal damping coefficient of gyro- 
scope foundation support, N-m-sec/rad 

damper strength of collective (foundation) 
spring-damper unit supporting swashplate, 
N-sec/m 

average of longitudinal and lateral gyro- 
scope damping coefficient, N-m-sec/rad 

lateral gyroscopic damping minus the longi- 
tudinal damping coefficient /2, N-m-sec/rad 

th rigid offset of m- control rod attachment 
point from neutral axis of ring (positive 
if offset is outward from center of ring), 
m 

definitions involving swashplate deflections 
to reduce length of equations 

matrix relating contribution to state vectcr 
at i- blade station from the discontinuity 
in flap angle at the flap hinge 

th 

forcing function due to aerctdynamj.cs at an 
aerodynamic station 

real time and Laplace transformed harmonic 
aerodynamic forcing function obtained by 
Fourier analysis of the previous variable 

portion of final set of rotor and swashplate/ 
gyroscope equation coefficients associated 
with coupling of the swashplate or gyroscope 
response to that of the m- blade, defined 
by Equation (148) 

th 
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(EIZ) ( i )  

F (a> 

{FO}(i)  
m 

(F1 } ( i )  
m 

{E%,}* 

b lade  t r a n s f e r  mat r ix  of t e r m s  n o t  mu l t ip l i ed  
by a t i m e  d e r i v a t i v e  f o r  an aerodynamic 
s t a t i o n  

rea l  t i m e  and Laplace transformed harmonic 
t r a n s f e r  mat r ix  based on previous v a r i a b l e  

b lade  sweep hinge r a d i a l  o f f s e t ,  m 

real  t i m e  and Laplace transformed b lade  
t r a n s f e r  mat r ix  a s s o c i a t e d  wi th  a massless 
e l a s t i c  s e c t i o n  

t h  l o c a l  edqewise bending r i g i d i t y  of i- 
blade  section,N-m 2 

t h  l o c a l  f l apwise  bending r i g i d i t y  of t h e  i- 
blade s e c t i o n ,  N-m 2 

2 bending s t i f f n e s s  of swashplate,  N-m 

v a r i a b l e  involv ing  swashplate s t i f f n e s s  t o  
reduce equat ion  l e n g t h  as def ined  a f t e r  
Equatior. ( 3 7 )  

rea l  t i m e  and Laplace transformed forcincr 
func t ion  due t o  t h e  m a s s  and i n e r t i a l  e f f e c t s ,  
k s u b s c r i p t  i s  added f o r  sh i f t ed  harmonics 

s t eady  f o r c i n g  f u n c t i o n  due t o  mass and 
i n e r t i a  e f f e c t s  

amplitude of + l / r ev  f o r c i n g  func t ion  due t o  
mass and i n e r t i a  e f f e c t s  

amplitude of - l / r ev  f o r c i n g  func t ion  due t o  
m a s s  and i n e r t i a  e f f e c t s  

t o t a l  f o r c i n g  func t ion  e f f e c t  i n  f i n a l  
s o l u t i o n  as  def ined  by Equation (153) 

t o t a l  swashplate  f o r c i n g  func t ion ,  always 
zero 
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h r X  

i 

G 2 

- ,E 'r'3r r 

T(i) -r(i) E(i) 
"rb "rb r b  

t o t a l  b lade  fo rc ing  func t ion  i n  f i n a l  solu-  
t i o n  r ep resen ta t ion  and as def ined i n  
Equation (154) 

g r a v i t y  cons tan t ,  m/sec 2 

l o c a l  t o r s i o n a l  r i g i d i t y  of iz blade 
s e c t i o n ,  N-m 2 

2 t o r s i o n a l  s t i f f n e s s  of swashplate,  N-m 

r e a l  t i m e  and Laplace t ransform ve r s ion  
of t o t a l  s e c t i o n  t r a n s f e r  matr ix  assoc ia ted  
witn t h e  i- s e c t i o n  of t h e  m- b lade t h  t h  

r a d i a l  d i s t a n c e  ( p o s i t i v e  outward) of a 
b lade  mass p o i n t  from t h e  o r i g i n  of t h e  
r e fe rence  coord ina te  system a t  t h e  r o t o r  
hub when @ and 0 are zero i n  va lue ,  m 

d i s t a n c e  of n e u t r a l  a x i s  ahead of p i t c h  
a x i s  assumed t o  be a t  q u a r t e r  chord,m 

t h  t o t a l  f o r c i n g  func t ion  a t  t h e  i- s t a t i o n  
t h  of t h e  m- b lade  due  t o  

f o r c e s  and moments 

imaginary number, VT 

orthogonal u n i t  vectclrs 
per turbed system 

or thosonal  u n i t  vec to r s  

all outboard e x t e r n a l  

fo r  gyroscope i n  a 

f o r  t h e  f ixed ;  s h a f t ,  
swashplate,  and gyroscope systems 

i n e r t i a  dyadic of t h e  gyroscope 

or thogonal  u n i t  vec to r s  f o r  t h e  r o t a t i n g ;  
s h a f t ,  swashplate,  and gyroscope s y s t e m s  

or thogonal  u n i t  vec to r s  i n  local blade 
coord ina te  system a t  t h e  i- s t a t i o n  t h  



I G X  

GY 
I 

IGZ 

K 

K’ 

- 
“a 

la te ra l  moment of i n e r t i a  of gyroscope, 
kg-m 2 

l o n g i t u d i n a l  moment of i n e r t i a  of gyroscope, 
kg-m 2 

p o l a r  moment of i n e r t i a  of gyroscope, 
kg-m 2 

polar mass moment of i n e r t i a  of a sec t ion  
about t h e  n e u t r a l  a x i s ,  kg-m 2 

f l apwise  mass moment of i n e r t i a  of a 
s e c t i o n ,  kg-m 2 

edgewise mass moment of i n e r t i a  of a 
s e c t i o n ,  kg-m 2 

s t i f f n e s s  of c o l l e c t i v e  spring-damper u n i t  
support ing swashplate o r  gyroscope, N/m 

average c y c l i c  s t i f f n e s s  of t h e  gyroscope, 
N-m/rad 

l a t e r a l  m i m s  l o n g i t u d i n a l  c y c l i c  s t i f f n e s s  
divided by 2 ,  N-m/rad 

v a r i a b l e  t o  reduce equat ion  l eng th  as  
def ined a f t e r  Equations (17) and (18) 

v a r i a b l e  t o  reduce equat ion  l eng th  as  
defined a f t e r  Equation (157) 

v a r i a b l e  t o  reduce equat ion  l eng th  a s  
def ined  a f t e r  Equation ( 6 7 )  

v a r i a b l e  t o  reduce equat ion  l eng th  a s  
def ined  a f t e r  Equation ( 6 9 )  

v a r i a b l e  t o  reduce equat ion l eng th  as  
def ined  a f t e r  Equation ( 6 9 )  
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kGX 

kGY 

j 
k 

kx 

kZ 

k 
Y 

(i) 

Lt 

m 

(i) m 

'b 

lateral angular spring stiffness of gyro- 
scope support, N-m/rad 

longitudinal angular spring stiffness of 
gyroscope support, N-m/rad 

th stiffness of j- cyclic spring-damper unit 
supporting swashplate or gyroscope, N/m 

th lateral angular spring stiffness of j- 
swashplate or gyroscope support, N-m/rad 

longitudinal angular spring stiffness of 
j- swashplate or gyroscope support, N-m/rad th 

stiffness of the control rod attaching the 
mth blade to the swashplate or gyroscope,N/m 

stiffness of torsion spring, N-m/rad 

stiffness of flapwise moment spring, N-m/rad 

stiffness of chordwise moment spring, N-m/rad 

th length of the aerodynamic field for the i- 
section if it has aerodynamics,m 

length of massless elastic section, m 

th lift acting on the i- section'for azimuth- 
al location denoted by k if aerodynamic 
section, IT 

operator indicating Laplace transform with 
respect to time t 

mass of swashplate, kg 

blade section mass, kg 

moment acting on gyroscope from blade, N-m 

9 



N f f  

N max 

N , N P  
P 

NS 

P 
. 9, 

Mass of gyroscope, kg 

f lapwise bending moment, edgewise bending 
moment and p i t c h i n g  moment i n  a ro tor  
blade, N-m 

azinuthal. harmonic of  bending moment i n  
swashplate ,  N-m 

bending moment i n  swashplate ,  N-m 

number of r o t o r  b l ades  

b l ade  s t a t i o n  immediately inboard of which 
t h e  rocker  arm, p i t c h  bear ings ,  and f l a p  
hinge occur s ,  r e s p e c t i v e l y  

number of concentrated suppor ts  below swash- 
plate or gyroscope 

rna.ximum number o€ harmonics included f o r  
interharmonic coupl ing 

maximum number of blade loading  harmonics t o  
be used 

h ighes t  azimuthal  harmonic of swashplate 
deformation accounted f o r  

harmonic response of i n t e re s t ;  

number of s t a t i o n s  or  segments into which a 
b lade  i s  d iv ided  

c e n t r i f u g a l  f o r c e  components a c t i n g  i n  t h e  
local spanwise d i r e c t i o n ,  N 

rea l  t i m e  and Laplace transformed counter- 
t h  p a r t  of force i n  c o n t r o l  rod of t h e  rn- 

b lade ,  N 

column of blade  t i p  unknowns and b lade  
d i s c o n t i n u i t i e s  

variah1.e involving swashplate s t i f f n e s s e s  
def ined  t o  reduce s i z e  of equat ions  

10 



R 
- r m 

R P 

SP 
R 

S 

s a 

distribution of forces acting on swashplate 
in a downward sense, N/m 

th E-- fourier harmonic of the loading 
Qf0,t) I N/m 

column containing dependent variables of all 
blades plus swashplate or gyroscope 

blade radius from axis of rotation, m 

position vector of blade attachment point 
to the gyroscope 

real time and Laplace transformed blade 
transfer matrix associated with a rigid 
massless segment-may be used for an offset 
in neutral axis 

column containing harmonics of swashplate 
deflection or rigid body response of 
gyrnscope 

amplitude of a Np/rev variable of interest 
th at the i- section 

radius of gyroscope, rn 

radius of swashplate, m 

row vectors having 12 elements, all of which 
are zero except for a value of unity in the 
third, fourth, and eleventh positions, 
respectively 

complex number which is the Laplace trans- 
form variable corresponding to time t, 
rad/scc 

varizble to reduce equation size defined 
following Equation (37) 

portion of the final set of rotor and swash- 
plate equation coefficients associated with 
the swashphte impedance, defined by 
Equation (147) 



t 

['k, n1 

TI1 

TSP 

(i> V 

real time and Laplace transformed version 
of the state vector at station i of the 
m- blade, subscript n meaning the Laplace 
transform variable s is replaced by s-inR,- 
added to superscript denotes vector at 
inboard end of section where + denotes 
outboard 

th 

Laplace transformed state vector for n 
shift and m- blade consisting of all 
twelve state variables 

th 

Laplace transformed modified state vector 
for n shift and m- blade consisting of 
six non-zero tip state variables 

th 

real time and Laplace transformed version 
of blade transfer matrix associated with 
concentrated spring-damper unit (lead-lag 
spring-damper unit) 

time, sec 

contains coefficients for final set of 
equations governing swashplate or gyroscope 
response, blade tip unknowns and blade 
discontinuities, defined by Equation (186) 

azimuthal harmonic of swashplate torque, E-m 

torque in the swashplate, N-m 

real time and Laplace transformed displace- 
ment downward of swashplate base, m 

perturbation deflections of blade neutral 
axis in radial, edgewise, and flapwise 
senses, respectively, m 

th induced velocity at i- section if uniform 
azimuthally, m/sec 

12 



ij V 

VSP 
Y 

vO 

displacement downward of swashplate as a 
function o f  azimuth and time (referred to 
fixed frame), m 

induced downwash (inflow) velocity at the 
. th th 1- blade section and j- azimuthal station, 
m/sec 

th freestream velocity at the i- section and 
k- azimuthal location, m/sec th 

azimuthal harmonic of v(0,t) 

edgewise shear force, flapwise shear force, 
and radial force in blade, respectively, N 

azimuthal harmonic of Vsp, N 

transverse shear force in swashplate, N 

Y 

chordwise and flapwise shear forces acting 
at inboard end of section (i) at the 
azimuthal position $k l  N 

Np/rev harmonic of the flapwise shear force 
at the inboard end of section (i), N 

real-time flapwise shear force at inboard 
end cf section (i), N 

gyroscope impedances associated with 
asymmetry of support configuration 

forward speed of helicopter, m/sec 

displacement of swashplate as a function of 
azimuth and time (referred to rotating 
frame), m 

azimuthal harmonic of w($,t), real-time and 
Laplace transformed versions for swash- 
plate, respectively 
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Xf r Y  f t Xf 

XdG ydG 'dG 

X r t y r t ' r  

-k,n XG 
q I a  

-2 
'n 

-2 
'Gn 

co a 

Is 

I C  

a 

c1 

azimuthal harmonic of w ( $ , t , ) ,  real  t i m e  
and Laplace transformed v e r s i o n  f o r  gyro- 
scope, r e s p e c t i v e l y  

r ec t angu la r  Ca r t e s i an  coord ina te  nonro ta t ing  
s h a f t  S._JS t e m  

per turbed gyroscope coord ina te  system 

rec t angu la r  Ca r t e s i an  coord ina te  system 
r o t a t i n g  about zr a x i s  a t  R radians/second 

loca l  right-handed coord ina te  system a t t ach -  
ed t o  b l ade ,  Yrb  d i r e c t e d  along chord,zrb 
normal t o  b l ade  

swashplate impedances a s soc ia t ed  wi th  
asymmetry of suppor t  conf igu ra t ion  

gyroscope impedances a s soc ia t ed  w i t h  
asymmetry of suppor t  conf igura t ion  

complex func t ion  c h a r a c t e r i z i n g  rocker  arm 
l eng th  and c o n t r o l  rod r e t a r d a t i o n  t i m e  

swashplate impedances a s soc ia t ed  wi th  
symmetric p r o p e r t i e s  of swashplate and i t s  
support  conf igu ra t ion  

gyroscope impedances a s soc ia t ed  wi th  
symmetry of suppor t  conf igu ra t ion  

1 

t o t a l  blade s e c t i o n  angle  of a t t a c k  a t  t h e  
1- s e c t i o n  and k- azimuthal p o s i t i o n ,  rad t h  t h  

baundary cond i t ion  a r r a y  on b l ade  root  dis- 
placements and s l o p e s  

amplitude of c y c l i c  i n p u t ,  rad  

la te ra l  c y c l i c  ang le ,  r ad  

l o n g i t u d i n a l  c y c l i c  ang le ,  r ad  

14 



s h a f t  tilt angle ,  rad ( ~ / 2  f o r  hover) 

1 , rad  B c y c l i c  phase ang le ,  t a n  (7 -1 “lc 
9 s  

B ( e & )  app l i ed  to rque  per  u n i t  l eng th  a c t i n g  o n  
r i n g ,  N-m/m 

B, (t) 

(i) 

Four i e r  harmonic of B ( e , t ) ,  N-m/m 

phase angle  of state v a r i a b l e  as  shown i n  
$NP Equation (167), rad 

r nmdimensional ized c i r c u l a t i o n  

t h  t h  c i r c u l a t i o n  a t  t h e  i- s e c t i o n  and k- 
azimuthal p o s i t i o n ,  m/sec 

(i) 
rk 

kronecker d e l t a ,  equa ls  u n i t y  i f  i = j ,  
equa l s  zero i f  i f j  

6( ) Delta func t ion  

d i s c o n t i n u i t y  columns def ined  by Equations 
(91), (87) and ( 8 9 ) ,  r e s p e c t i v e l y  

- c . t .  - fea 

- f l a p  
C A I m  , E A } ,  t 

{ A Im 

*c . t .  - Tfea 

* f l a p  
{nn 1, I d i s c o h t i n u i t y  s i n g l e  element a r r a y s  def ined  

by Equation (95) wi th  Laplace t ransform 
v a r i a b l e  s h i f t e d  by - inn ‘nn 3, 

7 - 
(AT),, ( A @ x ) m t  d i s c o n t i n u i t i e s  i n  b lade  torque ,  t o r s i o n a l  

d e f l e c t i o n  and f l a p  angle  of m- b lade  t h  

d i s t a n c e  of mass c e n t e r  of g r a v i t y  ahead of 
e las t ic  a x i s ,  m rY & 

e azimuthal independent coord ina te  f o r  swash- 
p l a t e  unknowns r e f e r r e d  t o  f ixed  frame of 
r e f e r e n c e ,  r a d  

@ ( e & )  l o c a l  bending s lope  of e las t ic  r i n g  repre-  
s e n t a t i o n  of swashplate,  rad 
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- Tip rxl, 

1.I 

P 

71 

[ G I  

T m 

@ ,O,'Y 

collective pitch, rad 

Fourier harmonic of 0 ( 0  ,t) , rad 

initialization array with xxx superscript 
equal; c.t. , fea , and flap ; correspond- 
ing to control torque, feathering angle, 
and flap angle, respectively, as defined 
by Equation (96) for harmonic k and shifted 
by -inn 

12 by 6 matrix utilized to eliminate zero 
value tip variables 

mass per unit arc length of swashplate, kg/m 

air mass density, kg/m3 

Pi , 3.1415927 
wake-induced velocity influence coefficient 
matrix 

applied moment per unit Length acting on 
swashplate, N-m/m 

Fourier harmonic of u ( 0 ,  t) I N-m/m 

damper time constant associated with spring- 
damper unit representation'of control rod 
connecting m- blade to swashplate, sec th 

finite angles defining orientation of blade 
surface at an arbitrary radial point, Q1 
corresponds to forward sweep, 0 corresponds 
to downward coning, Y correspon.ds to nose- 
up pre-twist and/or collective angle of 
attack, rad 

9 azimuthal independent coordinate for swash- 
plate notion referred to rotating frame of 
reference, rad 

@(B,t) swashplate local. twist, rad 

(PQ (t) Fourier harmonic of @(8,t), rad 
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'm 

R 

w 
0 

phase angle of m- th blade  IT (m-I)/Nb for 

equally spaced blades), rad 

perturbation on $n or blade wrap-up angle 
on the m- blade, rad th 

perturbation twist, flapwise bending slope, 
and edgewise bending slope respectively, 
rad 

gyroscope perturbation variables, rad 

th azimuthal angle of j- spring-damper unit 
supporting swashplate, rad 

blade azimuth angle, measured from down- 
stream position plus 7r/2 in direction of 
rotation, rad 

operating speed of rotor system, rad/sec 

vortex interaction frequency 

Subscripts and Superscripts: 
th i or (i) superscript denoting i- blade station 

counting inboard from tip to root, has 
successive values from 1 to NS 

j index 

a,n,p,q,k indices used for harmonic number 
th m index indicating m- blade 

+ -  employed as superscripts to indicate the 
outboard and inboard ends of a blade seqment 
or radial station, respectively 

c.t.,fea,flap employed as superscripts to indicate a 
matrix product or state vector evaluated at 
the control torque, pitch bearings, and flap 
hinges, respectively 
as in (r3) to indicate a row vector 0 

[ I  indicates a matrix 

{ I  indicates a column vector 
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HELICOPTER ROTOR SYSTEM MODEL 

The a n a l y s i s  t o  be presented  i s  dependent upon t h e  d e f i -  
n i t i o n  of t h e  coupled h e l i c o p t e r  rotor  system model. B a s i c a l l y ,  
t h e  r o t o r  system conf igu ra t ion  i s  comprised of a rotor  c o n s i s t -  
i n g  of an a r b i t r a r y  number of f l e x i b l e  b l ades ,  a r b i t r a r i l y  
loca ted  azimuthall.y, wi th  e i t h e r  a f l e x i b l e  swashplate or gyro 
c o n t r o l  system. To provide model f l e x i b i l i t y  such t h a t  t h e  
a n a l y s i s  w i l l  be a p p l i c a b l e  t o  v a r i o u s  ro tor  systems, t h e  re- 
p r e s e n t a t i o n  of each of t h e s e  major components c o n s i s t s  of s e v e r a l  
r e l e v a n t  c h a r a c t e r i s t i c s .  

The model of t h e  b l ades  comprising t h e  ro tor  a l lows fo r  t h e  
i n c l u s i o n  o€ a l l  b l ade  c h a r a c t e r i s t i c s  be l ieved  t o  be s i g n i f i c a n t .  
For example, t h e  b lade  model a l lows:  

a r b i t r a r y  l o c a t i o n  of t h e  b lade  e l a s t i c  a x i s  and 
aerodynamic c e n t e r ,  

a r b i t r a r y  l o c a t i o n  of c e n t e r  of mass r e l a t i v e  t o  b lade  
e l a s t i c  a x i s ,  

a r b i t r a r y  b lade  precone and presweep, 

a r b i t r a r y  v a r i a b l e  t w i s t  d i s t r i b u t i o n ,  

a r b i t r a r y  rnilss and i n e r t i a  d i s t r i b u t i o n s ,  

a r b i t r a r y  s t i f f n e s s  d i s t r i b u t i o n s ,  

gyroscopic  forces 

aerodynamic loading inc lud ing  darnping, 

f l apwise ,  chordwise, and t o r s i o n a l  blade r o o t  r e s t r a i n t s  
ranging from r i g i d  t o  f u l l y  a r t i c u l a t e d  and, also, 
blade  root damping. 

parameter approach t o  t h e  modeling of t h e  b l ades  has  been 
adopted a s  a s u i t a b l e  means of r e p r e s e n t a t i o n  of t h e  b lade  d i s t r i -  
buted. p r o p e r t i e s .  

The main component of t h e  swashplate c o n t r o l  system model i s  
represented  by a f l e x i b l e  r i n g  c o n s i s t i n g  of  t w o  p a r t s  which i s  
allowed t o  t r a n s l a t e  on ly  along t h e  s h a f t  ax i s  b u t  may rotate  
about t w o  mutual ly  or thogonal  axes  perpendicular  t o  t h e  s h a f t  
a x i s .  The upper p o r t i o n  of t h e  r i n g  i s  a l so  allowed t o  r o t a t e  
about t h e  s h a f t  a x i s  s i n c e  it is  a t t ached  t o  b lade  p i t c h  arms by 
c o n t r o l  rods  having both s t i f f n e s s  and damping c h a r a c t e r i s t i c s .  
The lower p o r t i o n  of t h i s  r i n g  i s  supported by a n  a r b i t r a r y  number 
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of supports  w h i c h  have s t i f f n e s s  and damping characteristics and 
are a t t ached  t o  a r i n g  allowed only t r a n s l a t i o n a l  motion i n  the 
shaft d i r e c t i o n  ( c o l l e c t i v e  motion).  T h e  support  for  this f i n a l  
r i n g  has an a r b i t r a r y  e f f e c t i v e  s t i f f n e s s  and damping value.  
T k i s  f i n a l  suppor t  i s  necessary s i n c e  the c o l l e c t i v e  s t i f f n e s s  
can be much l o w e r  than the c y c l i c  s t i f f n e s s  of the c o n t r o l  
system. Thus, by v a r i a t i o n  of s t i f f n e s s  and damping cha rac t e r i -  
s t i c s  of the suppor ts  involved any degree of a n i s o t r o p i c  support  
of the swashplate c o n t r o l  system can be  obtained.  Addit ional  
c a p a b i l i t i e s  included i n  the swashplate c o n t r o l  system model are 
presented i n  a subsequent s ec t ion .  

The gyro c o n t r o l  system model cons iders  a r i g i d  gyroscope 
t h a t  i s  r o t a t i n g  about i t s  c e n t e r  Qf g r a v i t y  which i s  allowed t o  
t rans la te  i n  t h e  s h a f t  a x i s  d i r e c t i o n .  The gyroscope i s  supported 
i n  such a manner t h a t  a r b i t r a r y  l a t e r a l ,  l o n g i t u d i n a l ,  and col-  
l e c t i v e  s t i f f n e s s  and damping values  can be  associated wi th  the 
support  system. The gyroscope i s  a t tached  t o  the b lade  p i t c h  arms 
by c o n t r o l  rods having s t i f f n e s s  and damping c h a r a c t e r i s t i c s .  
Addit ional  information on t h i s  c o n t r o l  system conf igura t ion  i s  
presented i n  a subsequent s ec t ion .  

The genera l  r o t o r  b lade  coupling t o  a c o n t r o l  system i s  
shown schematical ly  i n  Figure 1, f o r  a swashplate c o n t r o l  system. 
Also depic ted  i n  t h i s  f i g u r e  are aerodynamic load p o i n t s  and 
t h e i r  a t t ached  t r a i l i n g  v o r t i c e s  r ep resen ta t ion  and t h e  r e l a t i o n -  
s h i p  between the  r o t a t i n g  s h a f t  coordinate  system ( r - subscr ip ted)  
and t h e  nonro ta t ing  o r  f i x e d  s h a f t  coordinate  system (f-sub- 
s c r i p t e d )  which w i l l  be  involved i n  the a n a l y s i s  t o  be presented.  

GENERAL S O L U T I O N  METHOD 

I n  c o n t r a s t  t o  computation of blade response by u s e  of normal 
modes of free v i b r a t i o n  a s  genera l ized  coord ina tes ,  t h e  method of 
a n a l y s i s  t h a t  i s  used i s  based.upon a direct  inve r se  of a dynamic 
matrix.  T h i s  method e l imina te s  t h e  need for  normal mode f r e -  
quency and mode shape information i n  determinat ion of t h e  dynamic 
response of a h e l i c o p t e r  r o t o r  system and also e l imina te s  var ious  
engineer ing judgments such  as the number and types of normal modes 
w h i c h  must be included t o  y i e l d  proper r e s u l t s .  
of t h e  dynamic matr ix  and i t s  as soc ia t ed  fo rc ing  func t ion  and 
subsequent s o l u t i o n  by t ak ing  a d i r e c t  i nve r se  is s t r a igh t fo rward .  
The b a s i c  method of s o l u t i o n  can be e a s i l y  adapted t o  provide 
coupling of a deformed free-wake t o  the b lade  motions by an iter- 
a t i v e  procedure., 

T h e  development 

The a n a l y s i s  f o r  r ep resen t ing  blade behavior i n  t h e  dynamic 
mat r ix  genera t ion  i s  accomplished by a p p l i c a t i o n  of a t r a n s f e r  
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matr ix  approach i n  t h e  lumped parameter b l ade  model., Bas i ca l ly ,  
t h e  usua l  t r a n s f e r  matr ix  procedure c o n s i s t s  of t h e  following: 

(a) a modeling procedure i n  which t h e  d i s t r i b u t e d  b lade  
p r o p e r t i e s  are converted t o  a lumped parameter form 
represent ing  t h e  b l ade  as c o n s i s t i n g  of uniform 
massless e las t ic  beam s e c t i o n s ,  i n  t ens ion  due t o  
c e n t r i f u g a l  loading  wi th  p o i n t  m a s s ,  i n e r t i a s ,  and 
aerodynamics loca t ed  a t  t h e  ends of t h e  massless 
lengths  , 

(b) a process  i n  which s e c t i o n  t r a n s f e r  matrices a s soc ia t ed  
wi th  success ive  s e c t i o n s  of  a b l ade  and r e l a t i n g  s h e a r s ,  
momentsp s lopes ,  and d e f l e c t i o n s  a t  each end of t h e  
s e c t i o n  are mul t ip l i ed  toge the r  t o  f o r m  t h e  t r a n s f e r  or 
a s soc ia t ed  mat r ix  f o r  t h e  t o t a l  b lade ,  

The t r a n s f e r  mat r ix  procedure used i n  t h i s  ana lys i s  is  a 
modi f ica t ion  of t h a t  o u t l i n e d  above. The usua l  t r a n s f e r  mat r ix  
technique involves  a r r a y s  of real  numbers s i n c e  t h e  governing 
equat ions from which the  t r a n s f e r  matrices a r e  developed are 
ord inary  l i n e a r  d i f f e r e n t i a l  equat ions wi th  cons t an t  c o e f f i c i e n t s  
and have no damping o r  gyroscopic  t e r m s .  For n a t u r a l  frequency 
p r e d i c t i o n ,  t h e  second t i m e  d e r i v a t i v e  may be replaced by t h e  
nega t ive  of t he  n a t u r a l  frequency squared. However, f o r  an 
n-bladed r o t o r  system which i s  s u b j e c t  t o  aerodynamic, gyroscopic,  
and damping f o r c e s ,  t h e  governing d i f f e r e n t i a l  equat ions  have 
p e r i o d i c a l l y  varying c o e f f i c i e n t s  such t h a t  it i s  no longer  
p o s s i b l e  t o  simply r e p l a c e  t h e  d i f f e r e n t i a l  opera tor  by a n a t u r a l  
frequency t e r m .  By applying t h e  Laplace t ransform t o  a l l  vari-  
a b l e s ,  inc luding  p e r i o d i c a l l y  varying c o e f f i c i e n t s  and d i f f e r e n t -  
i a l  ope ra to r s ,  i n  t h e  real-time t r a n s f e r  mat r ices ,  t h e  t r a n s f e r  
mat r ices  a r e  altered t o  a r r a y s  of complex numbers. The process  
of combining t h e  complex t r a n s f e r  matrices t o  form t h e  a s soc ia t ed  
mat r ix  module r ep resen t ing  t h e  r o t o r  b lades  i s  s t r a igh t fo rward  
b u t  d i f f e r s  considerably from t h e  common t r a n s f e r  mat r ix  procedure 
because of harmonic coupling introduced by t h e  aerodynamic t i m e -  
varying c o e f f i c i e n t s .  

Applicat ion of t h e  modified t r a n s f e r  mat r ix  procedure acrms 
the blade s e c t i o n s  from blade  t i p  t o  b lade  r o o t  y i e l d s  t h e  de- 
f i n i t i o n  of t h e  shears, moments, s lopes ,  and d e f l e c t i o n s  a t  t h e  
b l ade  r o o t  i n  t e r m s  of t h e  corresponding unknown t i p  values .  
Boundary condi t ions  t h a t  a r e  used i n  t h e  gene ra t ion -o f  t h e  f i n a l  
blade governing equat ions  r e q u i r e  t h a t  t h e  shears and moments a t  
t h e  blade t i p  be  zero and t h a t  t h e  slopes and d e f l e c t i o n s  a t  t h e  
b lade  r o o t  are zero.  

The a n i s o t r o p i c a l l y  supported swashplate o r  gyroscope c o n t r o l  
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system i s  represented by analytical expressions for the control 
system motion obtained from application of the differential 
equations of continuity and equilibrium to the control system 
model. Since the blade and control system reference coordinate 
systems differ, the resulting equations of motion which include 
coupling to the blades thru the control.rod forces are trans- 
formed to the blade reference coordinate system to provide com- 
patibility of force application. Also, the control system equa- 
tions of motion are Laplace transformed to replace differential 
operators with a complex number representation compatible with 
the blade analysis. 

The control system equations and the blade equations re- 
sulting from application of blade boundary conditions are used 
to construct a dynamic matrix and a forcing function column. 
The solution for the unknown tip quantities and the control system 
unknowns i.s obtained by multiplication of the forcing column by 
the inverse of the dynamic matrix. From a knowledge of the blade 
tip unknowns the transfer matrix procedure is repeated across the 
blade sections to obtain the radial. distributions in complex 
number form representing both amplitude and azimuthal phasing 
for shears, moments, slopes, and deflections. This method of 
solution obtains the blade response by harmonics of the rotation- 
al speed where the value for the Laplace transform variable de- 
termines for which harmonic the analysis is being solved. The 
total real-time radial and azimuthal distributions of a dynamic 
response variable is obtained by a proper summation of harmonic 
components of that variable, 

wake coupling included is presented in flow chart form in 
Figure 2. The notation,"intermediate terms'Ir denotes terms that 
are not a function of the Laplace transform variable and there- 
fore need not be recalculated for different harmonics of dynamic 
response. Downwash velocities may be taken as uniform, radially 
varying, or both radial and azimuthally varying in this solution 
form in which the blade response includes downwash velocity 
effects on the aerodynamic terms but coupling of the free-wake 
and blade motion is not allowed. 

A general representation of the solution method without free- 

Deformed free-wake effects on the helicopter rotor system 
dynamic response are included in the analysis by modifying the 
solution method to include an iterative procedure which couples 
the free-wake to the blade motions. The iterative procedure 
developed requires the execution of a free-wake analysis program 
(wake geometry program) developed for reference 1 but a similar 
free-wake analysis program could be substituted if it provides 
the necessary information, The wake geometry program with 
flapping and cyclic blade positions defined from either an airloads 
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calculation or experimental values uses a real-time analysis to 
generate a fully deformed free-wake corresponding to the blade 
positions. In addition, the wake-induced velocity influence co- 
efficient matrix, [(I], and the nondimensionalized bound circula- 
tion distribution, I T ) ,  are determined and available for use in 
the dynamic response iteration procedure. 

The ( I ' S  and r's from the wake geometry program are used to 
determine the initial wake-induced velocity (downwash) at the 
blade radial and azimuthal loading points (i. e. [(I] I T )  {VI). 
This initial downwash distribution is introduced into the aero- 
dynamics analysis in which associated angles of attack and 
resultant velocities are used to determine the harmonics of blade 
aerodynamic loadings. With these loadings, the harmonics of 
dynamic response including control system effects from steady 
response up to the highest harmonic of response to be included in 
the wake iteration procedure are determined. But the 6ynamic 
response of the system includes blade motions which alter blade 
aerodynamic loading. From consideration of the total shear re- 
sponses acting on both sides of the blade aerodynamic load points, 
radially and azimuthally located, a lift distribution can be 
obtained which provides a new bound circulation distribution, 
{ r ) .  A new downwash distribution is obtained by use of the 
initial wake-induced velocity coefficient matrix and the new 
{ T I .  This new set of downwash values which includes coupling of 
the free-wake to the blade motions is then inserted into the 
aerodynamics analysis and the procedure repeated. 

The procedure involved from one set of downwash values to 
the obtaining of a modified set of downwash values (an iteration) 
can be repeated until a specified maximum number of iterations 
between blade circulations and blade motions are performed or 
the values of blade circulations for successive iterations agree 
to within a certain specified value (conve~rgence criteria). 
When either of these conditions occur, the harmonic content, in 
complex form, of the blade morcents, shears, slopes, and deflec- 
tions along the blade amid of the swashplate motion can be obtained. 

A general representation of the solution method with free- 
wake coupling to blade motions included is depicted in flow chart 
form in Figure 3 where the segment with the notation,"dynamic 
response segrrtent"r represents operations which are part of the 
basic solution method and. is labeled on Figure 2. Aerodynamic 
analysis must be included in the free-wake iteration solution 
method. 
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Deriva t ion  of t h e  Governing Equations f o r  an 
Anisot.ropicaLly Support.ed Gyroscope 

I n  o r d e r  t o  allow f l e x i b i l i t y  i n  t h e  choice  of c o n t r o l  systems 
which may be u t i l i z e d  i n  t h e  a n a l y s i s  r e p r e s e n t i n g  a coupled h c l i -  
coy;ter r o t o r  system, t h e  a n a l y s i s  for a form of a gyroscopic 
corrtrol. systen: i s  developed. This  a f ia lys i s  provides  t h e  necessary 
r e p r e s e n t a t i o n  f o r  t h e  gyroscope c o n t r o l  system behavior and f o r  
t h e  coupl ing which occurs between t h i s  c o n t r o l  system and t h e  
b lade  behavior .  

Gyroscope c o n t r o l  system model.- The model chosen fo r  t h e  
development of a n a l y s i s  r e p r e s e n t i n g  a gyroscope c o n t r o l  system 
c o n s i s t s  of a r i g i d  gyroscope, which may be nonsymmetrical, t h a t  
i s  supported by a set  of spring-damger u n i t s  t o  a l l o w  a n i s o t r o p i c  
support .  In  a d d i t i o n ,  t h e  gyroscope i s  a t t ached  t o  t h e  rotor 
b l ades  by f l e x i b l e  c o n t r o l  rods  having both s t i f f n e s s  and damping 
c h a r a c t e r i s t i c s .  The complexity of t h e  a n a l y s i s  i s  r e s t r i c t e d  by 
assuming t h e  gyroscope t o  be allowed only  t r a n s l a t i o n a l  motion 
of i t s  c e n t e r  of g r a v i t y  i n  t h e  s h a f t  d i r e c t i o n  and r o t a t i o n a l  
motion about t h r e e  mutual ly  or thogonal  axes  loca t ed  a t  t h e  c e n t e r  
of  g r a v i t y .  Analysis  based on t h e s e  assumptions should r e p r e s e n t  
t h e  major p o r t i o n  of t h e  gyroscope c o n t r o l  system e f f e c t s  on t h e  
b lade  dynamic response behavior.  

- A development of a n a l y s i s  t o  
r e p r e  "system behavior r e q u i r e s  t h e  de- 
f i n i t i o n  of three n u t u a l l y  or thogonal  coordinate  s y s t e m .  These 
t h r e e  coord ina te  systems c o n s i s t  of a f i x e d  ( s t a t i o n a r y )  system, 
a r o t a t i n g  system., and a p e r t u r b a t i o n  ( loca l )  gyroscope coord ina te  
system. 

T'he fixe6 gyroscope coord ina te  system i s  loca ted  i n  space 
such t h a t  t h e  gyroscope center of g r a v i t y  l o c a t i o n  i n  an unper- 
turbec! s i t u a t i o n  ( p o i n t  0 )  co inc ides  w i t h  i t s  o r i g i n  as shown i n  

F igure  4 where t h e  f i x e d  system u n i t  v e c t o r s  i f ,  i f ,  and  &, co r re s -  

pond t o  t h e  x f ,  y f r  and zf axes ,  r e s p e c t i v e l y .  
n a t e  system has i t s  axes  o r i e n t e d  i n  t h e  same d i r e c t i o n s  as  t h e  
s h a f t  f i xed  coord ina te  system which w i l l  be used i n  l a t e r  s e c t i o n s .  
These t w o  f i x e d  s y s t e m  are d i f f e r e n t  i n  t h a t  t h e i r  o r i g i n  loca- 
t i o n s  may occur a t  d i f f e r e n t  p o s i t i o n s  i n  t h e  s h a f t  d i r e c t i o n .  

T - r  

This  f ixed  coordi-  

The r o t a t i n g  gyroscope coord ina te  system has t h e  same o r i g i n  
and z a x i s  as t h e  f i x e d  coord ina te  system bu t  i t s  x and y axes 
are r o t a t i n g  a t  a r o t a t i o n a l  speed of s1 r e l a t i v e  to t h e  f i x e d  
system x and y axes.  The r o t a t i n g  coord ina te  system axes  and u n i t  
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Figure 4.  Coordinate systems and o r i e n t a t i o n  
r e l a t i v e  t o  f ixed  coord ina te  system Oxf, 
Y f '  Zf' 
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v e c t o r s  are denoted by r s u b s c r i p t s  as shown An Figure  4 .  A l s o  
shown i n  F igu re  4 is a t o p  view of t h e  co inc iden t  x-y p l anes  of 
t h e  f i x e d  and r o t a t i n g  gyroscope coord ina te  systems from which 
t h e  r o t a t i n g  coord ina te  system can be seen  t o  be related t o  t h e  
f ixed  coord ina te  system by t h e  coord ina te  t ransformat ion  

- 
cosnt sinSlt 0 

- s i n n t  cosn t  0 

0 0 1 
- - 

where t r e p r e s e n t s  t i m e  and R t  r e p r e s e n t s  t h e  ins tan taneous  angle  
between t h e  t w o  systems. The r o t a t i n g  gyroscope coord ina te  
system a l so  e x h i b i t s  t h e  same r e l a t i o n s h i p  t o  t h e  s h a f t  r o t a t i n g  
coord ina te  system which w i l l  be used i n  later s e c t i o n s  as w a s  
noted f o r  t h e  f i x e d  gyroscope system v e r s u s  t h e  f i x e d  s h a f t  
system. 

The local  gyroscope coord ina te  system, dG subsc r ip t s ,has  i t s  
o r i g i n  a t  t h e  c e n t e r  of g r a v i t y  of t h e  gyroscope ( p o i n t  G I  and 
t r a n s l a t e s  as t h e  gyroscope t r a n s l a t e s .  The zdG a x i s  always co- 

i n c i d e s  wi th  t h e  p r i n c i p a l  a x i s  of i n e r t i a  of t h e  gyroscope t h a t  
i s  perpendicular  t o  t h e  p lane  of t h e  gyroscope. The o t h e r  two 
mutual ly  o r thogona laxes  l i e  i n  t h e  plane of t h e  gyroscope such 
t h a t  i f  t h e  p l ane  of t h e  gyroscope i s  p a r a l l e l  t o  t h e  r o t a t i n g  
coord ina te  system t h e  x and y a x e s  of t h e  local coord ina te  system 
would be  i n  t h e  same d i r e c t i o n  as the  x and y axes of t h e  r o t a t i n g  
Coordinate system. Th i s  coord ina te  system i s  presented  i n  gene ra l  
concept w i th  t h e  o t h e r  t w o  coo rd ina te  systems i n  F igure  4. 
The o r i e n t a t i o n  of t h e  local gyroscope coord ina te  system ( X d G ' Y d G r  

z 

obta ined  by performing t h r e e  success ive  or thogonal  r o t a t i o n s ;  Q, I 

1 r e l a t i v e  t o  t h e  r o t a t i n g  coord ina te  system (x r r  y r r  Z r )  i s  dG 

r 
$ I and 4 ; on t h e  r o t a t i n g  coord ina te  system as dep ic t ed  i n  

Y r  xr 
Figure  5. I n  terms of t h e  u n i t  v e c t o r s  of t h e  t w o  coord ina te  
systems and t h e  p e r t u r b a t i o n  r o t a t i o n s  r e l a t i n g  t h e s e  courd ina te  
systems, the r e l a t i o n  of the  local gyroscope system t o  t h e  r o t a t i n g  
gyroscope system assuming small angle  approximations i s  expressed 
by t h e  coord ina te  t ransformat ion  
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Figure 5 .  Gyroscope l o c a l  coord ina te  system o r i e n t a t i o n ,  
s l a s h  marks r e f e r  t o  xdG,ydG, and zdG axes,  
r e s p e c t i v e l y  
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Neglecting second order  terms 

- 
- 4  

r Y r  @ Z  

1 
r @X 

- 4  1 
xr - 

t h e  inve r se  t ransformation i s  

1 

r +x 

Real-time - analyt.=Lcal de r iva t ion . -  "he real- t ime analysis for 
r ep resen ta t ion  of t h e  gyroscope c o n t r o l  sys t em r e q u i r e s  t h e  de- 
velopment of t h e  equat ions of motion o€ t h e  gyroscope. These 
equat ions of motion a r e  devel.oped consider ing t h e  pe r tu rba t ion  
r o t a t i o n  r e l a t e d  equat ions t o  be independent of t h e  t r a n s l a t i o n a l  
equat ion of motion. I n  regard t o  t h e  a n a l y s i s  presented i n  t h i s  
s ec t ion ;  no ta t ion  of t he  form,  5 ,  i s  used t o  r ep resen t  t h e  f i r s t  
t i m e  d e r i v a t i v e  of t h e  v a r i a b l e ,  a ,  and no ta t ion  of t h e  f o r m ,  
a ,  is used t o  represent t h e  second t i m e  d e r i v a t i v e  of t h e  v a r i a b l e ,  
a. I n  a d d i t i o n ,  t h e  t i m e  d e r i v a t i v e  of a vec tor  q u a n t i t y  inc ludes  
a c o n t r i b u t i o n  d u e  t o  t h e  vec tor  product of t h e  r o t a t i o n a l  vec tor  
and t h e  vec tor  of i n t e r e s t .  

The r o t a t i o n a l  v e l o c i t y  (angular  v e l o c i t y )  vec to r  of t h e  ro- 

(4 1 t a t i n g  coord ina te  system can be represented  by - 
R = R  Ef . 

The angular  v e l o c i t y  of t h e  gyroscope i s  given by 

r e f e r r e d  t o  t h e  xr,  yr,  zr r o t a t i n g  coord ina te  system or  
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as r e f e r r e d  t o  t h e  body local system of axes  with t h e  components 
being along t h e  ins tan taneous  d i r e c t i o n  of t h e  axes. 

The i n e r t i a  dyadic  of t h e  gyroscope a t  i t s  c e n t e r  of g r a v i t y  
G ,  r e f e r r e d  t o  t h e  axes xdGI 'dG' z dG is  

- - - - ? -  G - 'Gx idG idG + 'Gy j d G  jdG + 'Gz 'dG 'dG ( 7 )  

The angular  momentum vec tor  of t h e  gyroscope a t  i t s  cen te r  
of g r a v i t y  ( p r i n c i p a l  axes)  is, from Equations ( 6 )  and ( 7 )  

- - - (i - 8 " z d ~  + I (4 ' d X  ")jdG + l ~ z ( G  + 6, lEdG 
Y r  GY Y, r r k 'Gx xr 

(8) 
Referr ing t o  t h e  xr ,  y r r  z r  r o t a t i n g  coord ina te  system t h e  angular  
momentum is  qiven by 

f t I G Z ( R  + iz ) ] E r  
r 

or rear ranging  
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, *. 

Then, it follows that 

The moment acting on the gyroscope from the support system is 

K + K'cos252-k -K'sin29t 
- 
K - 

zs = - ox 

c - C'cos29t 
C + C'cos29t -C'sin2~1t 

- (i, I 

K G X  +KG % S K G X  - c G x  + c '  GY , c' = 'GX-~G~ 
2 c32.- 

2 2 where = I K' = 

with KGx, K 
C being the lateral and gyroscoi2e support system and CGxf 

longitudinal damping coefficients of the gyroscope support system. 

being the lateral and longitudinal stiffnesses of the 
GY 

GY 

The moment acting from the blade on the gyroscope is 

- Nb 
% = - 1 Em x Pm(t,Er 

m=l 

or replac-ing r with its equivalent 
111 
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where Nb is  the number of b lades ,  
t h  P m ( t )  i s  t h e  f o r c e  i n  t h e  m- c o n t r o l  rod ,  

P 
R is  t h e  r a d i u s  of t h e  gyroscope, 

I$, i s  the s t a r t i n g  azimuthal p o s i t i o n  of each b lade ,  and 

i s  the pe r tu rba t ion  on I$m (bla?e wrap-up ang le ) .  
I$mP 

The governing equation of motion of t h e  gyroscope f o r  ro t a -  
t i o n s  i s  

The governing equat ion of motion of t h e  gyrosmpe for  v e r t -  
i c a l  t r a n s l a t i o n  is  

d 2 Z r  

MG dt2 + 

where M i s  t h e  mass of G 

Nb 

m= 1 
+ K zr  = - 1 P m ( t )  dzr 

' G  

t h e  gyroscope, 

(3-61 

E(: i s  t h e  c o l l e c t i v e  s t i f f n e s s ,  and 

c i s  t h e  c o i l e c t i v e  damping. G 

T h e  f i n a l  real-time equat ion of motion of t he  gyroscope ro t a -  
t i o n s  i s  obtained i n  vector form by i n s e r t i o n  of Equations (111, 
(12), and (14) i n t o  Equation (15) and r ep lac ing  t h e  s i n ( 2 Q t l  and 
cos ( a n t )  by t h e i r  exponent ia l  equiva len ts .  Since Equation (152 
must hold on a vec to r  component b a s i s ,  two expressions a r e  obtained 
by consider ing only t h e  t e r m s  mul t ip ly ing  
en t ly .  The r e s u l t i n g  real-time equat ions  
r o t a t i o n s  a r e  

the-Tr and Tr, independ- 
of motion f o r  gyroscope 
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(Ir t e r m s  ) 

(Tr t e r m s )  

where f o r  convenience 

g = e  (K’ + b n c ’ i  + C’  -&/2 d . 
T h e  f i n a l  rea l - t ime governing equat ion of motion f o r  gyroscope 

t r a n s l a t i o n  i s  obtained by r e w r i t i n g  Equation ( 1 6 )  i n  t h e  form 

Applicat ion of Laplace transforms.- The f i n a l  real-time gyro-- 
scope governing equat ions a r e  Laplace transformed t o  e l imina te  t h e  
d e r i v a t i v e  type of r ep resen ta t ion  d r ep lace  it wi th  an alge- 
b r a i c  form i n  add i t ion  t o  providing compa t ib i l i t y  wi th  t h e  blade 
equat ions which w i l l  be developed. I n  t ak ing  t h e  Laplace t r ans -  
forms of t h e  governing equat ions of motion quiescent  boundary 
condi t ions  are assur:;ed and t h e  fol lowing Laplace t ransformations 
requi red  : 

- 
(a) Lt [ F ( t )  1 = F ( s )  I 
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where F ( t )  i s  a func t ion  of t i m e .  With these d e f i n i t i o n s ,  t h e  
Laplace transformed vers ions  of the necessary equat ions can be 
obtained . 

T h e  Laplace transformed vers ions  of Equations (17) (19) I 
and (18) are 

- Nb - 
MG s2 Z(S) + CG s Z(S)  + K Z(S)  = - 1 P,(s) 

m= 1 

- + i T + F s , l  ( s )  
-1 $Xr GY 'Gx Y r  

(s - 2 i n )  + [I s2 -I- ~2 - + i K  
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where f o r  convenience 

= (K' + b n c ' i  + C's)/2 Kb 

The c o n t r o l  rod f o r c e s  (s )  couple t h e  r o t o r  blade motions m 
t o  t h e  gyroscope motions. The r e l a t i o n s  expressed by Equations 
( 2 0 ) ,  (21), and (22)  are t h e  o b j e c t i v e  of t h i s  s e c t i o n  and w i l l  be 
used i n  a l a t e r  s e c t i o n  of t h i s  r e p o r t .  

Derivat ion of t h e  Governing Equations for  an 
Aniso t ropica l ly  Supported Swashplate 

The form of c o n t r o l  system u t i l i z e d  i n  t h e  major i ty  of h e l i -  
copter  r o t o r  systems i s  of a swashplate type.  I n  this s e c t i o n  t h e  
a n a l y s i s  f o r  a genera l  f o r m  of swashplate c o n t r o l  system i s  de- 
veloped. T h i s  a n a l y s i s  provides  t h e  necessary r ep resen ta t ion  f o r  
t he  swashplate c o n t r o l  system behavior and f o r  the coupling which 
occurs between t h i s  c o n t r o l  system and the blade behavior ,  

Swashplate c o n t r o l  system model.- Even though t h e  b a s i c  swash- 
p1ate:ibed there e x i s t  a d d i t i o n a l  
model c a p a b i l i t i e s .  The genera l  swashplate c o n t r o l  system model a s  

. .  Figure 6 c o n s i s t s  o f :  

a f l e x i b l e  r i n g  having uniform m a s s  c o n s i s t i n g  of two 
p a r t s  which are allowed t o  t r a n s l a t e  only along the s h a f t  
a x i s  b u t  may r o t a t e  about the mutually orthogonal axes 
perpendicular  t o  the s h a f t  a x i s  and where the  upper por- 
t i o n  i s  a l s o  r o t a t i n g  about the s h a f t  a x i s ,  

a set  of suppor ts  which have s t i f f n e s s  and damping 
c h a r a c t e r i s t i c s  which allow a n i s o t r o p i c  support ing of t h e  
f l e x i b l e  r i n g  and which may be a t t ached  t o  t h e  r i n g  an 
o f f s e t  d i s t a n c e  from the r i n g  r ad ius ,  

a s i n g l e  c o l l e c t i v e  support  which has s t i f f n e s s  and damp- 
i n g  c h a r a c t e r i s t i c s  i n  series wi th  t h e  previous group, 

c o n t r o l  rods w i t h  s t i f f n e s s  and damping characterist ics 
connecting t h e  b lades  t o  t h e  f l e x i b l e  r i n g  and which may 
be a t t ached  t o  the r i n g  an o f f s e t  d i s t a n c e  from the  
r i n g  r a d i u s I  

a c o l l e c t i v e  base p l a t e  w h i c h  i s  allowed t o  only tranx- 
l a t e  in t h e  s h a f t  a x i s  d i r e c t i o n ,  and 

t o r s i o n a l  spring-damper u n i t s  which counterac t  t h e  l o c a l  
bending s lope  and t w i s t  of the r i n g  a t  each azimuthal 
l o c a t i o n  of the supports  of ( 2 )  (shown on Figure 6 a t  
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Figure 6. Swashplate system model 
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only one l o c a t i o n ] .  

Due t o  the g e n e r a l i t y  of the conf igura t ion  var ious  swash- 
p l a t e  systems can be represented by -cho ice  of the parameters 
used i n  the swashplate con t ro l  system ana lys i s .  

Coordinate systems involved,-  Two mutually orthogonal co- 
o rd ina te  systems are u t i l i z e d  i n  the  development of t h e  a n a l y s i s  
r ep resen t ing  t h e  swashplate behavior,  
system i s  a f ixed  (non-rotating) coord ina te  system whose o r i en ta -  
t i o n  i n  space i s  i d e n t i c a l  t o  the s h a f t  Chub) and gyroscope f ixed  
coord ina te  system. However, t he  o r i g i n s  of t h e s e  three f i x e d  
coordinate  systems may b e  a t  d i f f e r e n t  p o s i t i o n s  on the s h a f t  a x i s  
( s h a f t  c e n t e r l i n e ) .  I n  these systems; t he  y-axis i s  perpendicular  
t o  the s h a f t  a x i s  and i n  a d i r e c t i o n  toward the  nose of t h e  hel i -  
cop te r ,  t h e  x-axis i s  perpendicular  t o  the  s h a f t  a x i s  and i n  a 
d i r e c t i o n  toward the h e l i c o p t e r ' s  s t a rboa rd  s i d e  (advancing blade 
p o s i t i o n ) ,  and t h e  z-axis i s  co inc ident  wi th  the  s h a f t  ax i s .  The 
swashplate f i x e d  coord ina te  system has been included i n  Figure 6 .  

T h e  f i r s t  coord ina te  - 

The second swashplate coordinate  system i s  a r o t a t i n g  coordi-  
n a t e  system whose o r i g i n  and z-axis coincide wi th  t h e  swashplate 
f ixed  coord ina te  system b u t  is  r o t a t i n g  a t  a r o t a t i o n a l s p e e d ,  
R, such t h a t  t h e  same r e l a t i o n s h i p  between the r o t a t i n g  and f ixed  
swashplate coord ina te  systems e x i s t s  as was depicted f o r  t h e  
gyroscope coordinate  systems i n  Figure 4, The swashplate,  gyro- 
scope, and s h a f t  r o t a t i n g  coordinate  systems a l l  have t h e  s a m e  
o r i e n t a t i o n  a s  a func t ion  of t i m e .  

R e a l - t i m e  a n a l y t i c a l  der iva t ion . -  T h e  governing equat ions of 
motion of an e l a s t i c  r i n g  i n  t e r m s  of v a r i a b l e s  which a r e  def ined 
r e l a t i v e  t o  the f ixed  swashplate coord ina te  system are used t o  
ob ta in  a governing d i f f e r e n t i a l  equat ion f o r  d e f l e c t i o n  behavior 
of t h e  swashplate r e l a t i v e  t o  t h e  swashplate r o t a t i n g  coordinate  
system, The f i n a l  form of the  governing equat ion can not  be  ob- 
t a ined  without  t he  use of Laplace t ransformations.  

Fixed-f r a m e  governing equat ions involving loading func t ions  : 
T h e  governing d i f f e r e n t i a l  equations f o r  motion of an e las t ic  
r i n g  involving v a r i a b l e s  which a r e  a func t ion  of e r  t h e  azimuthal 
l oca t ion  of a p o i n t  of i n t e r e s t  on t h e  r i n g  r e l a t i v e  t o  t h e  
x -ax is ,  and t i m e ,  t,. c o n s i s t  of t h e  equi l ibr ium,  s t r e s s - s t r a i n ,  
and s t ra in-displacement  equations: 

f 
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where Vsp, MSP, and TSP are shea r  f o r c e ,  bending moment, and torque ,  
r e s p e c t i v e l y ;  

v ( 0 , t )  i s  t h e  l o c a l  displacement  of t h e  swashplate;  

Y z 

1-1 i s  t h e  mass per u n i t  arc l eng th  of t h e  swashplate  r i n g ;  

o ( 9 , t )  and Q j ( 0 , t )  are t h e  loca l  bending s l o p e  and t w i s t  
angle  of t h e  r i n g ;  

R i s  t h e  swashplate  rad ius :  

EJZ i s  t h e  bending s t i f f n e s s  of t h e  r i n g ;  

G J t  is t h e  t o r s i o n a l  s t i f f n e s s  of t h e  r i n g ;  

a ( 0 , t )  i s  t h e  app l i ed  moment per  u n i t  l eng th  a c t i n g  on 

SP 

t h e  r i n g ;  

B ( 9 , t )  i s  t h e  app l i ed  to rque  per  u n i t  l e n g t h  a c t i n g  on 
t h e  r ing :  and 

Q ( 0 , t )  i s  t h e  app l i ed  force pe r  u n i t  l eng th  a c t i n g  on t h e  
r i n g .  
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The e f f e c t s  of concentrated moments o r  to rques  appl ied  t o  t h e  
swashplate on t h e  swashplate behavior are incorporated i n  terms 
appearing i n  Equations (24 )  and (251. The o r i e n t a t i o n  of each 
of t h e  v a r i a b l e s  used i n  Equation (23) through (28) are shown i n  
Figure 7.  

Figure 7 .  Coordinates o f  swashplate va r i ab le s  

T h e  dependence of the governing swashplate p a r t i a l  d i f f e r -  
e n t i a l  equat ions  may be removed by going t o  a Four ie r  t ransform.  
Since each of the q u a n t i t i e s  v ( e , t ) ,  @ ( e , t )  , o ( e , t ) ,  TSP, Vspp and 

MSP are pe r iod ic  wi th  r e spec t  t o  8 ,  each of t hese  v a r i a b l e s  s a t i s -  
f i e s  r e l a t i o n s h i p s  of t h e  form exemplified by v ( 8 , t f  i n  t h e  t w o  
Equations,  ( 2 9 )  and ( 3 0 ) .  

Y 

Z 
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Thus, Equations ( 2 3 )  through (28)  a r e  mul t ip l i ed  by 

and t h e  i n t e g r a t i o n  i s  performed over 8 from 0 t o  2 ~ r .  Af t e r  using 
t h e  condi t ions  of p e r i o d i c i t y  and t h e  d e f i n i t i o n s  exemplified by 
Equation (30) above, t h e  following set of o rd ina ry  d i f f e r e n t i a l  
equat ions with t i m e  as t h e  s i n g l e  independent v a r i a b l e  r e s u l t .  

(V 1 a2vR !t) 

SP a t 2  
i R + = p  - Q,(t) (31) 

T"  

T h e  s a m e  se t  of equat ions  are a l s o  ob ta inab le  by d i r e c t  s u b s t i t u -  
t i o n  of v a r i a b l e  d e f i n i t i o n s  based on t h e  form of Equation ( 2 9 )  in -  
t o  Equations ( 2 3 )  through (28) and tak ing  t h e  equat ions correspond- 
i n g  t o  a s p e c i f i c  value of R .  

fo l lowing equat ion f o r  v , ( t )  i n  t e r m s  of t h e  appl ied  loading 
v a r i a b l e  harmonics . 

Equations (31) through (36) can be combined t o  cons t ruc t  t h e  



where f o r  convenience 

F Ca> 

and 

a2  (GJ, f EJ-1  
L Y - sa - 

(a2 G J ~  + E J ~ )  R 
SP 

When R = 0 or 21, F(R) and SR are zero and swashplate s t i f f n e s s e s  
have no effect  on v , ( t ]  s i n c e  t h e s e  are r i g i d  body degrees of 
freedom of t h e  swashplate.  During t h e  manipulation of Equations 
(31) through (36) t o  ob ta in  Equation (371, a d d i t i o n a l  equat ions 
can be obta ined  t o  r ep resen t  t h e  remaining swashplate s lopes ,  
moments, and shea r  v a r i a b l e s  i n  t e r m s  of t h e  swashplate d e f l e c t -  
i on  and app l i ed  loading func t ions .  These equat ions are 

= SR V R  Ct) .+ - %p2 a ,  (t> E J z  G J t  P R  

where €or  convenience 
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Th.e v a r i a b l e s  def ined  by Equation (37)  and Equations C37a! 
through(37el and the loading func t ions  involved i n  these express- 
i ons  correspond t o  t h e  ampljltude of the R- harrnonic of t h e  r e l a t e d  
t i m e  dependent v a r i a b l e  a t  t he  azimuthal p o s i t i o n  on the swash- 
p l a t e  corresponding t o  t h e  xf axLs of the f i x e d  coord ina te  system 
( 6  = 0 ) .  However, i n  o rde r  t o  couple t h e  swashplate motion w i t h  
t h e  motion of the rotor  b l ades ,  it is  necessary t o  have both 
motions determined r e l a t i v e  t o  e i t h e r  f ixed  coord ina te  systems or  
r o t a t i n g  coord ina te  systems. I t  has  proven t o  be  more convenient 
t o  use t h e  swashplate d e f l e c t i o n s  measured r e l a t i v e  t o  a r o t a t i n g  
re ference  frame corresponding t o  t h e  b lade  r o t a t i n g  frame. 

'th 

Governing d e f l e c t i o n  equat ion i n  r o t a t i n g  frame involving 
f ixed  f r a m e  loading func t ions :  By de f in ing  

where 52 i s  t h e  ope ra t ing  speed of t h e  r o t o r ,  the q u a n t i t y  wC$,tZ i s  
equal  t o  t h e  downward v e r t i c a l  displacement of the swashplate a t  
t i m e ,  t ,  measured a t  an azimuth angle ,  $ r a d i a n s ,  i n  advance of t h e  
re ference  blade.  This  assumes t h a t  the r e fe rence  b lade  makes an 
angle  52t with t h e  x-axis a s  shown i n  Figure 6 .  

By exe rc i s ing  t h e  Four ie r  r ep resen ta t ion  as shown i n  Equation 
(29 1 

and 

S u b s t i t u t i o n  of t hese  expressions i n t o  Equation (38) and t ak ing  
advantage of t h e  c h a r a c t e r i s t i c  t h a t  the r e s u l t i n 5  equat ion must 
hold f o r  each harmonic 

o r  i n  an a l t e r n a t e  form 

where 
2Tr 



The w,Ct )  d e f l e c t i o n s ,  def ined a t  the reference  b lade  posi-  
ion  as it r o t a t e s ,  w i l l  be  t h e  dependent swashplate unknowns from 
t h i s  p o i n t  on. Once these q u a n t i t i e s  are found, t h e  a c t u a l  swash- 
p l a t e  displacements can be found f r o m  e i t h e r  of t h e  following t w o  
equat ions:  

r o t a t i n g  f r a m e  

non-rotating frame 

S u b s t i t u t i o n  of t h e  expression f o r  v , ( t )  as given by Equation 
(39) i n t o  Equation (371 and mul t ip ly ing  by t h e  f a c t o r  e iant y i e l d s  
t h e  governing equat ion fo r  each w R ( t )  which i s  

Def in i t i on  of appl ied  loading func t ion , -  T h e  harmonics of 
swashplate loadings requi red  by the r i g h t  hand side of t h i s  equa- 
t i o n  can be obtained i n  t e r m s  of t h e  swashplate displacement,  
t w i s t ,  bending s lope  and c o l i e c t i v e  base de f l ec t ion .  

R e c a l l  t h a t  Q , ( t )  w a s  obtained from the  Four ie r  transform of 
Equation (23) so t h a t  

.2n 

0 

and s i m i l a r i l y  from Equations ( 2 4 )  and (25) 

r2' 

0 
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and 

J 
0 

One con t r ibu t ion  t o  Q ( e , t )  comes from t h e  d i s c r e t e  f o r c e s  due - .  
t o  t h e  r o t a t i n g  c o n t r o l  rods  which couple t h e  swashplate with t h e  
r o t o r  blades.  The o t h e r  c o n t r i b u t i o n  comes from t h e  f o r c e s  i n  t h e  
spring-damper u n i t s  shown a s  i t e m  ( 2 )  i n  F igure  6 .  

A Dirac d e l t a  r e p r e s e n t a t i o n  of t h e  concentrated f o r c e s ,  
moments, and torques  leads t o  t h e  fol lowing expressions f o r  
B ( e , t ) ,  Q ( e , t )  and d e , t ) :  

and 

a e.s. N 

- 1 6 ( e  - x . ) ( k .  + c j  E) d ( e , t )  
j=1 3 1  
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Nb i s  t h e  nunher of blades, 

t h  P (t) is  t h e  force i n  t h e  m- c o n t r o l  rod,  

d i s  t h e  r i g i d  o f f s e t  of t h e  m- c o n t r o l  rod attachment 
m 

m 
t h  

p o i n t  from t h e  n e u t r a l  a x i s  of t h e  r i n g ,  p o s i t i v e  outward, 

- - (m-1'2R f o r  equal  spacing between c o n t r o l  rods ,  
'm Nb 

= blade wrap-up angle ,  @h? 
i s  t h e  number of spring-damper u n i t s  d i r e c t l y  
supporting t h e  swashplate,  e.s. PJ 

t h  i s  t h e  azimuthal angle  l o c a t i n g  the  j- suppor t  
'j re la t ive t o  swashplate xf- a x i s  

kh b i s  the o f f s e t  of t h e  j- l i n e a r  sp r ing  attachment p o i n t  
from t h e  n e u t r a l  a x i s  of t h e  r i n g ,  p o s i t i v e  inward j 

k .  and c a r e  the  l i n e a r  s t i f f n e s s  and darnping va lues  f o r  
3 j 

t h  the j-- spring-damper u n i t ,  

k, and c8 a r e  the t o r s i o n a l  s t i f f n e s s  and damping values  
j j 

t h  the  j- t o r s i o n a l  spring-damper u n i t  counterac t ing  l o c a l  
l a te ra l  swashplate r o t a t i o n ,  

k' and c are the  t o r s i o n a l  s t i f f n e s s  and damping va lues  

for t h e  j- t o r s i o n a l  spr ing-dampr  u n i t  counterac t ing  
local l ong i tud ina l  swashplate r o t a t i o n ,  

t h  
j 'j 

u o ( t )  i s  t h e  v e r t i c a l  downward displacement of t h e  base 
which supports  t h e  spring-damper u n i t s ,  

and 6 ( 6 - O o >  i s  def ined  such t h a t  

( B o  being an a r b i t r a r y  azimuthal angle!. 
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i s  f u r t h e r  def ined a s  t h e  azimuthal l o c a t i o n  
t h  4m The v a r i a b l e  I 

(phase angle)  of the m- b lade  r e l a t i v e  t o  t h e  swashplate xf-axis  
when t equals  zero and 0 i s  taken as zero  i n  value.  

mP 

The requi red  expressions f o r  B R ( t ) ,  Q,(t) 8 and u R ( t )  , needed 
i n  Equation (43 ) ,  are obtained by s u b s t i t u t i n g  t h e  forms f o r  k3(e , t )  
, Q ( e , t ) ,  and a ( O , t ) ,  as given by Equations ( 4 7 1 ,  ( 4 8 1 ,  and ( 4 9 ) ,  
i n t o  t h e  in tegrand  of Equations ( 4 6 1 ,  ( 4 4 )  , and (45 )  , respec t ive-  
l y .  Taking proper c a r e  with regard t o  t he  i n t e g r a l  of t h e  D i r a c  
d e l t a  func t ions ,  t h e  Four ie r  transforms of B ( e , t ) ,  Q ( O , t )  , and 
and o ( e , t )  are 

- i R X  a j 1 (k j  + c -1 b j  d ( ~ . ~ t )  e 
e.s. N 

s p  j=1 

1 
-I- 2 n  R j a t  3 

where d(X ,t) = v ( x j f t )  - b .  @(x ,t) - u,Ct) .  
j 3 j 

The q u a n t i t i e s ;  v ( x j , t ) ,  o ( x j , t ) ,  @ ( x j , t )  and d ( x  , t ) ;  i n  t h e  
j 

previous equat ions r ep resen t  t h e  swashplate;  l o c a l  d e f l e c t i o n ,  
l o c a l  bending s lope ,  l o c a l  t w i s t  and l o c a l  spring-damper u n i t  
d e f l e c t i o n  a t  the azimuthal l o c a t i o n ,  x j r  of the  j- spr ing-  
damper u n i t .  These v a r i a b l e s  can be expressed i n  terms of the 

t h  
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Four ie r  harmonic components of the swashplate d e f l e c t i o n  i n  the  
r o t a t i n g  frame. 

Replacing f3 with the s p e c i f i c  va lue ,  x j ,  and a l t e r i n g  t h e  
dummy v a r i a b l e  over which t h e  s u m a t i o n  is  taken, Equation (42)  
becomes 

a3 i p ( x  -W v ( x j , t )  = 1 w p ( t )  e j 
P=-a3 

Using the same procedure wi th  t h e  form of Equation (29)  I 

@ ( x j , t )  can be expressed as 

Replacing R w i th  p i n  Equations ( 3 9 )  and (37e) , t he  equat ions 

- i P Q t  w (t) 
P 

v p ( t )  = e 

and 

(54)  

a r e  obtained. S u b s t i t u t i o n  of Fquation (56)  i n t o  t h e  l as t  equa- 
t i o n  r e s u l t s  i n  an expressi.on for  0 (t) which when i n s e r t e d  i n t o  
Equation (55) y i e l d s  t h e  expression I 

P 

1 co i p ( x j -  t) 
= - 1 i p  w (t) e OCXj Rsp p=-m P 

The q u a n t i t y  Q ( x j  ,t) can be expressed irn the same form as  
O ( x  , t) i n  Equation (551, t h a t  i s  

j 

(571 

Alter ing  the dummy v a r i a b l e ,  R r  t o  p i n  Equation C3'9dj and drop- 
ping the B (t) t e r m  s i n c e  i t s  con t r ibu t ion ,  based on a comparison 
of t h e  effects of the t e r m s  on cp ( t ) ,  is  n e g l i g i b l e  r e s u l t s  i n  

P 
P 

cp (t) = s v (t) 
P P  P 
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S u b s t i t u t i o n  of Equation (561 i n t o  t h i s  equat ion y i e l d s  an ex- 
press ion  which when i n s e r t e d  i n t o  Equation (58) y i e l d s  t h e  ex- 
press ion  f o r  @ ( x  ,t) i n  t h e  form 

j 

By s u b s t i t u t i n g  Equations (54) and (59) i n t o  t h e  expression 
f o r  d ( x  ,t) following Equation (531, an expression f o r  d ( x  ,t) as 
a func t ion  of swashplate r o t a t i n g  frame d e f l e c t i o n s  and t h e  collec- 
t ive  base p l a t e  d e f l e c t i o n  can be obtained i n  the form 

j j 

-uo (t) ( 6 0 )  
m i P  ( x  j-"t) 

d lx , jc t )  = 1 [(I - b . S  1 w (t) e 7 P  P P=-m 

The c o l l e c t i v e  base d e f l e c t i o n ,  u o ( t ) ,  can be  r e l a t e d  t o  t h e  
d e f l e c t i o n  of t h e  swashplate by cons idera t ion  of t he  ?So?rce e q u i l i -  
brium of t h e  c o l l e c t i v e  base p l a t e  which r e s u l t s  i n  the  expression 

I n s e r t i o n  of Equation ( 6 0 )  i n t o  t h i s  expression provides  a r e l a t -  
ionship  between t h e  base p l a t e  and swashplate d e f l e c t i o n s  i n  t h e  
form 

which cannot be solved f o r  u o ( t )  without u se  of Laplace t r ans -  
forms * 

Expressions r e l a t i n g  the swashplate loading harmonics t o  t h e  
swashplate d e f l e c t i o n s  i n  t h e  r o t a t i n g  r e fe rence  f r a m e  and t h e  
c o l l e c t i v e  base d e f l e c t i o n  can now be obtained. I n s e r t i o n  of 
Equations [57] ,  (591, and (60) , as requi red ,  i n t o  Equations (51) 
through (53) r e s u l t s  i n  the equat ions 
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- 4  1 m mP 
- i R Q t  Nb dm P m ( t )  - i R ( @  

e 
SP 

1 2 T  R B g : t )  = e 
m= 1 

j 
uo (t.) - i % X  

2 T  R e a e.s. N 

- 1 b j  ( k .  + c j  x) 
SP j=1 7 

( 6 3 )  

Applicat ion of Laplace transforms.- T h e  real-time swash- 
p l a t e  governing equat ion i s  Laplace transformed t o  r ep lace  t h e  
d e r i v a t i v e s  involved w i t h  a lgeb ra i c  forms i n  add i t ion  t o  pro- 
v id ing  compa t ib i l i t y  w i t h  t h e  b lade  equat ions which w i l l  be de- 
veloped. I n  a d d i t i o n  t o  t h e  s p e c i a l i z e d  Laplace t ransformations 
which w e r e  presented previously p e r t a i n i n g  t o  t h e  development of 
ana lys i s  f o r  r e p r e s e n t a t i o n  of t h e  gyroscope con t ro l  system, two 
more a r e  requi red  f o r  t h i s  s e c t i o n .  These are 
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(b) Lt [eient & (w (t) e-ipnt)] = ( s - i R R )  w (s-iRn+ipn). 
P P 

The Laplace transformed ve r s ion  of Equation ( 4 3 )  assuming 
quiescent  i n i t i a l  condi t ions  i s  given by 

T h e  Laplace transform of each of t h e  t e r m s  appearing on t h e  r i g h t  
hand side of t h e  above equat ion can be obtained. 

M u l t i p l i c a t i o n  of Equation (63) by e iRnt and app l i ca t ion  of 
t h e  Laplace t ransformation y i e l d s  t h e  expression 

pa e.s. 
1 (1 - b . S  ) - 1  p=-, j-1 7 P  

- 
u o  ( s - i t n )  - e.s. 

j=1 

N 

SP 
+ KC!?, 2 ~ r  R 

where f o r  convenience 

= k. + (s- ian)  c 
7 j 

Ea 
I t  is  important  t o  rea l ize  t h a t  t h e  d e r i v a t i v e s  involved i n  Equa- 
t i o n  (63) through (65) do n o t  opera te  on t h e  mul t ip ly ing  fac tor ,  
e iant, 

a product bu t  r a t h e r  as a s h i f t e d  argument of the  func t ion  where- 
as t h e  t e r m ,  ( s - i R Q )  c does r ep resen t  a product  of two t e r m s .  

The q u a n t i t y ,  w (s-ikR+ipn),  i s  n o t  t o  be i n t e r p r e t e d  as 
P 

j '  

Xn a s i m i l a r  manner as was used t o  ob ta in  Equation (671, 
Equ.ation (641 and (65) can be used t o  o b t a i n  t h e  expressions 
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Uo (s-iRQ) -iax N 

els* bj 27F e j 
j=1 SP 

- s R  

where €or convenience 

KC = k +  + (s-iaQ) c 
'a j 'j 

and 
- 

= k e  + (s-iaQ) ce 
a j j 

KC e 

T h e  Laplace transformed version of Equation (62) makes it 
convenient to so lve  for UOCs) as 
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The expression f o r  uoCs-iRnZ which i s  r equ i r ed  i n  Equations (67)  
and (681 m a y  be obtained by rep lac ing  s by ( s - i R R 1  ( s h i f t i n g  t h e  
argument of t h e  function);  i n  Equation (70) which r e s u l t s  i n  

This express ion  can be s u b s t i t u t e d  i n t o  Equations ( 6 7 )  and 
(68)  which wi th  Equation (69 )  can r ep lace  t h e  t e r m s  appearing on 
t h e  r i g h t  hand s i d e  of Equation ( 6 6 )  r e s u l t i n g  i n  t h e  f i n a l  
swashplate c o n t r o l  system governing equat ion of motion. By re- 
p lac ing  t h e  index R w i t h  q and then the  index p with R i n  t h e  
r e s u l t i n g  expression,  f o r  convenience i n  l a t e r  use,  and mult i -  
p ly ing  by 2 ~ r R  the following system of coupled equat ions f o r  the 

Laplace transformed vers ions  of t h e  swashplate unknowns, w ' s ,  i n  
t e r m s  of the con t ro l  rod f o r c e s ,  P,(s) , r e s u l t s .  

SP 
- 4 

L 

e.s. 

j=l 

N 

+ e  

R SP '1' 



SP”l e 
where m is  t h e  m a s s  of t he  swashplate and i s  equal  t o  21rR 

When the governing matrix equat ions f o r  t h e  r o t o r  b lades  a r e  
developed i n  the next  s e c t i o n  it w i l l  b e  t h e  c o n t r o l  rod fo rces  
CP (SI) which couple the swashplate equat ions  o r  the gyroscope 
equat ions  t o  t h e  blade equations.  These r e l a t i o n s  w i l l  b e  used t o  
develop the f i n a l  complete set of equat ions for  t h e  c o n t r o l  system- 
coupled r o t o r  b lade  system. 

m 

Representat ion of Rotor Blades 
by Transfer  Matrices 

I n  t h i s  s e c t i o n  t h e  a n a l y s i s ,  us ing  a t r a n s f e r  mat r ix  
approach, i s  developed fo r  r ep resen ta t ion  of the blade behavior 
due t o  fo rces  and moments of aerodynamic, m a s s ,  and i n e r t i a  o r i g i n  
a c t i n g  on t h e  blade. S ince  the t r a n s f e r  matr ix  method is  compli- 
ca ted  by cons idera t ion  of aerodynamic blade s e c t i o n s ,  the  mat r ix  
approach i s  presented ,  i n i t i a l l y ,  f o r  s e c t i o n s  n o t  involving aero- 
dynamic cons idera t ions  and then  extended t o  t h e  form requi red  f o r  
aerodynamic r ep resen ta t ion ,  The r e s u l t a n t  a n a l y s i s  provides the 
necessary r ep resen ta t ion  f o r  b l ade  behavior inc luding  coupling 
wi th  t h e  c o n t r o l  system behavior.  

General b lade  model,- A lumped parameter approach has been 
u t i l i z e d  as the means of r ep resen t ing  t h e  allowed blade d i s t r i b u t e d  
p r o p e r t i e s  w h i c h  
t o  h e l i c o p t e r  r o t o r  system modeling. Each r o t o r  blade i s  repre-  
sen ted  by a s p e c i f i e d  number of b a s i c  s ec t ions .  Each blade 
s e c t i o n  can have e i t h e r  (1) concentrated m a s s  and i n e r t i a ,  uniform 
e las t ic  p r o p e r t i e s ,  and geometric c h a r a c t e r i s t i c s  such as o f f s e t s ,  
precone, presweep, and b l ade  t w i s t ,  o r  (2)  aerodynamic and c e r t a i n  
geometric c h a r a c t e r i s t i c s .  The sepa ra t ion  .of aerodynamic charac- 
terist ics,  s e c t i o n  type ( 2 ) ,  from the c h a r a c t e r i s t i c s  of s e c t i o n  
type (1) is necessary f o r  proper determinat ion of t h e  modified 
aerodynamic fo rces  a c t i n g  on t h e  b l ade  s e c t i o n  when t h e  free-wake 
coupled s o l u t i o n  method i s  t o  be appl ied.  H o w e v e r ,  i f  the  free- 
wake coupled i t e r a t i o n  s o l u t i o n  i s  n o t  t o  be appl ied  t o  t h e  model 
of i n t e r e s t ,  t h e  model can c o n s i s t  of s e c t i o n s  each having both 
type (1) and type ( 2 )  c h a r a c t e r i s t i c s .  The genera l  cons t ruc t ion  
of a b l ade  s e c t i o n  showing t h e  o rde r  i n  which s p e c i f i c  charac te r -  
i s t ics  are considered i n  going outboard t o  inboard along t h e  
s e c t i o n  i s  i l l u s t r a t e d  i n  Figure 8. 

w e r e  l i s t e d  previous ly  i n  t h e  s e c t i o n  p e r t a i n i n g  
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concentrated e l a s t i c  
m a s s  and i n e r t i a  s e c t i o n  

e l a s t i c  a x i s  
outboard 

I 

J r i g i d  
o f f s e t  

concentrated 
s p r  ing-damper 

Figure 8. A genera l  blade s e c t i o n  

It should be noted that  concentrated spring-damper u n i t s ,  bends, 
and r i g i d  o f f s e t s  are allowed i n  t h r e e  mutually perpendicular  
d i r e c t i o n s  and t h a t  t h e  s e c t i o n  cen te r  of m a s s  and e las t ic  a x i s  
may be o f f s e t  from the q u a r t e r  chord (p i t ch  axis) of the blade.  

Coordinate system involved.-  The coordinate  systems def ined  
f o r  r ep resen ta t ion  of blade behavior c o n s i s t  of a f i x e d  (non- 
r o t a t i n g )  coordinate  system, r o t a t i n g  coord ina te  systens,and l o c a l  
b lade  coordinate  systems. The o r i e n t a t i o n  of t h e  a x i s  of t h e  
f ixed  s h a f t  (hub) coord ina te  system has been s p e c i f i e d  previously 
i n  t h e  d i scuss ion  concerning t h e  swashplate coord ina te  systems. 
The o r i g i n  of t h i s  system i s  taken t o  be on the  s h a f t  c e n t e r l i n e  
i n  t he  p lane  of t he  r o t o r  b lades  when t h e  b lades  a r e  n o t  preconed 
o r  preswept. The s h a f t  (blade)  r o t a t i n g  coord ina te  systems have 
t h e i r  x and y a x i s  i n  t h e  same plane as t h e  r e spec t ive  axes of t h e  
non-rotat ing s h a f t  coord ina te  system b u t  a r e  r o t a t i n g  a t  a speed 
of Q r e l a t i v e  t o  the  f i x e d  s h a f t  system. For each b l ade  t h e r e  
e x i s t s  a r o t a t i n g  s h a f t  coord ina te  s y s t e m  whose x-axis i s  loca ted  
along t h e  spanwise a x i s  of t h e  b lade  when i n  t h e  unconed and un- 
swept p o s i t i o n  and which can be  r e l a t e d  t o  t h e  s h a f t  f i xed  co- 
o rd ina te  system by t h e  coord ina te  t ransformation.  

where Qt and $m have been def ined.  

The b l ade  l o c a l  coord ina te  system (xrb,yrb,zrb 1 i s  obtained 
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z rm t Zrb 

Figure 9. Blade local coordinate system and state 
variable orientation, s lash  marks refer 
to Xrb' Yrb' and zrb blade coordinates, 
respectively 
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from t h e  a s soc ia t ed  s h a f t  r o t a t i n g  coordinate  system 
( x r m ' Y r m ,  ' rm 
Y ;  i n  consecutive order  where 

) by performing t h r e e  orthogonal r o t a t i o n s ;  @, 8 ;  and 

0 corresponds t o  forward presweep 

0 corresponds t o  downward precone, and 

YJ corresponds t o  nose-up p re - twi s t  and/or 
Co l l ec t ive  angle  of a t t a c k  

The r e l a t i o n s h i p  between t h e  b l ade  local coorciinate system and i t s  
a s soc ia t ed  sha f t  r o t a t i n g  coord ina te  system is  depic ted  i n  Figure 
9 .  T h e  mathematical  r e l a t i o n s h i p  between t h e  t w o  coord ina te  sys- 
t e m s  i s  represented  by the coordinate  t ransformation 

- 

-so I C@ CO S @  CY 

- S @  CY + co s o  SY C @  CY + so s o  S Y  co SY 

S @  S Y  + CQ s o  CY -C@ SY + so s o  CY CQ CY 
- r m  k 

where a short form of denot ing the s i n e  and cos ine  func t ions  
has been u t i l i z e d ,  Ce.g*, S @  r ep resen t s  s i n @  and C@ rep resen t s  
c o s @ ) .  Since t h e  t r a n s f e r  mat r ix  approach which w i l l  be de- 
veloped i n  t h e  next  s e c t i o n  r e l a t e s  t he  b lade  d e f l e c t i o n s ,  
s lopes ,  fo rces ,  and moments along the  blade r e l a t i v e  t o  i t s  
l o c a l  coordinate  system, t h e  t ransformation shown above can be 
used t o  ob ta in  b lade  v a r i a b l e s  i n  the  d i sk  plane.  

Transfer  mat r ix  r ep resen ta t ion  of b lade  model without  aero- 
dynamic loading and hinge o r  bear ing  d i s c o n t i n u i t i e s . -  The t r a n s -  
fer matr ix  approach u t i l i z e d  for  a blade without  aerodynamics 
included i n  t h e  b lade  model i s  presented i n i t i a l l y  t o  provide a 
mathematical foundation f o r  the p resen ta t ion  of t h e  modified 
t r a n s f e r  mat r ix  approach requi red  f o r  r ep resen ta t ion  of aerody- 
namic e f f e c t s  on t h e  b lade  behavior.  The b a s i c  t r a n s f e r  matrices 
t o  be  u t i l i z e d  i n  t h i s  s e c t i o n  c o n s i s t  of e s s e n t i a l l y  t h r e e  b a s i c  
types.  These are (1) s e c t i o n  ind iv idua l  t r a n s f e r  matrices which 
are used t o  c o n s t r u c t - ( 2 )  s e c t i o n  t r a n s f e r  matrices which i n  t u r n  
a r e  used t o  cons t ruc t  ( 3 )  assoc ia t ed  t r a n s f e r  matr ices .  Corre- 
sponding t o  these  types of t r a n s f e r  matrices t h e r e  a l s o  w i l l  be  
involved corresponding types of  fo rc ing  func t ions .  Each type  of 
t r a n s f e r  mat r ix  and fo rc ing  func t ion  can be represented  i n  a real- 
t i m e  form which upon a p p l i c a t i o n  of Laplace transforms r e s u l t s  i n  
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a r e l a t e d  t r a n s f e r  matr ix  involving complex v a r i a b l e  nota t ions .  
I n  t h i s  i n i t i a l  a n a l y t i c a l  development f o r  r ep resen ta t ion  of t h e  
r o t o r  blade behavior it is  convenient t o  consider  t he  b a s i c  
real- t ime r e l a t i o n s h i p s  only b r i e f l y  and ca r ry  ou t  t h e  develop- 
ment of ana lys i s  u t i l i z i n g  Laplace transformed r ep resen ta t ion .  

A s e c t i o n  t r a n s f e r  matr ix  can be  developed which relates a 
s ta te  vec to r  a t  e i ther  end of a s e c t i o n  such t h a t  

The + and - s i g n s  i n  Equation ( 7 3 )  refer, r e spec t ive ly ,  t o  t h e  
outboard and inboard ends of t h e  i t h  s e c t i o n  of mth b lade ,  t h e  
s e c t i o n s  being numbered outboard t o i n b o a r d .  T h e T t a t e  vec to r ,  

{S}, i s  a column of twelve q u a n t i t i e s  expressed as 

where uxI uyr  5, a r e  blade displacements i n  the blade l o c a l  
x ,  y ,  and z d i r e c t i o n s ;  

N, VyB V, are a x i a l  f o r c e ,  edgewise shear  f o r c e ,  and 
f lapwise  shear  force, r e spec t ive ly ;  

4xf  +, are l o c a l  t o r s i o n a l  d e f l e c t i o n ,  f lapwise 
bending s fope  and edgewise bending s lope ,  
r e spec t ive ly ;  and 

T ,  My, M Z  are l o c a l  p i t c h i n g  m o m e n t ,  f lapwise bending 
moment, and edgewise bending moment, 
r e spec t ive ly .  

The p o s i t i v e  sense of t h e  twelve s ta te  v a r i a b l e s  comprising t h e  
s ta te  vec tor  has been shown i n  Figure 9 as they would a c t  on t h e  
outboard end of the  next  inboard s e c t i o n  from t h e  s e c t i o n  t o  which 
the  t r a n s f e r  mat r ix  has  been appl ied .  T h e  v e c t o r , ( F l ,  i n  Equation 
( 7 3 )  i s  a s e c t i o n  ind iv idua l  fo rc ing  func t ion  c o n s i s t i n g  of mass, 
i n e r t i a ,  and maneuver loading effects on the  shea r  and moment 
v a r i a b l e s  i n  the  s t a t e  vec tor  and may a l s o  be  considered: t o  b e  the 
s e c t i o n  f o r c i n g  func t ion  s i n c e  aerodynamic cons idera t ions  are 
being omit ted i n i t i a l l y .  Contr ibut ions t o  t h e  s e c t i o n  fo rc ing  
func t ion  due t o  o t h e r  i n d i v i d u a l  c h a r a c t e r i s t i c  po r t ions  of a 
s e c t i o n  do not o c c w .  

I n  genera l  t h e  t r a n s f e r  mat r ix  is  a 1 2  x 1 2  a r r ay  whose ele- 
ments are d i f f e r e n t i a l  ope ra to r s  when each of t h e  s t a t e  v a r i a b l e s  
i s  a real  t i m e  quan t i ty .  By t ak ing  the Laplace transform of 
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Equation (72)  t h e  d i f f e r e n t i a l  opera tors  are converted t o  complex 
l i n e a r  a l g e b r a i c  equat ions.  
t he  transformed ve r s ion  of Equation C73) i s  

Assuming quiescent  i n i t i a l  condi t ions  

The s e c t i o n  t r a n s f e r  mat r ix  [~](i’ can be expressed i n  t e r m s  m 
of more fundamental t r a n s f e r  matrices which are as soc ia t ed  with t h e  
mass, elastic,  and geometric p r o p e r t i e s  of t h e  s e c t i o n ,  ind iv idua l -  
l y .  Thus 

where t h e  

1.1 
LB1 
[.I 

[SKI 

ind iv idua l  t r a n s f e r  mat r ices  are cons t ruc ted  such t h a t  

accounts f o r  a r i g i d  o f f s e t  i n  t h e  e l a s t i c  a x i s  or a 
t r a n s l a t i o n  of t h e  l o c a l  coord ina te  system: 

accounts f o r  a bend i n  t h e  e l a s t i c  a x i s  or more gene ra l ly  
a r o t a t i o n  of l o c a l  coordinates:  

accounts f o r  a uniform e l a s t i c  s e c t i o n  wi th  c e n t r i f u g a l  
s t i f f n e s s  included; 

accounts f o r  a concentrated spring-damper (used normally 
f o r  lead-lag hinge only) ; and 

accounts f o r  a concentrated mass and i n e r t i a .  

Taking the  Laplace transform, it can be shown t h a t  

w h e r e  each mat r ix  c o n s i s t s  of t i m e  independent t e r m s  and/or Laplace 
opera tors .  I n  p r a c t i c e  some of t h e  ind iv idua l  t r a n s f e r  matrices 
may n o t  be necessary i n  represent ing  a b lade  s e c t i o n  and would be 
omitted from Equation ( 7 6 ) .  

I n  order  t o  develop t h e  assoc ia ted  mat r ix  across  a r o t o r  b lade ,  
consider  t h e  t ransfer  across  t h e  ( i + l ) t h  b lade  s e c t i o n  which from 
Equation (74)  i s  given by - 

59 



However I 

and d e f i n e  
’ - .(Tip) 

U 

N 

X - 
- 
+X 

- Y 
$ 2  

- 
T - 
U 

A - . I -  

* - 0  
MZ - 
-V 

-U 

Y - 
z - 

+ Y  

, VZ, 

- 
M 

Y - 
m -  

S u b s t i t u t i o n  of Equation (74 )  i n t o  Equation (78) and i n s e r t i o n  
of t h e  r e s u l t i n g  expression i n t o  Equation (77). y i e l d s  t h e  
equat ion 

(i+1)- = [c]~i+l) [~],i){s},hi)+ + [ ~ ] ~ i + l ) { E } ~ i )  + {F}(i+l)  (79) 
m 

- - 
1 0 0 0 0 0  

0 0 0 0 0 0  

0 1 0 0 0 0 ’  

0 0 0 0 0 0  

0 0 1 0 0 0  - 
0 0 0 1 0 0  

I - )(Tip) 
ux 

+X 

+ z  

- 
8 l  Y ,  

U 

0 0 0 0 0 - 
- 

z -U 
0 0 0 0 0 0  

0 0 0 0 1 0  - 
0 0 0 0 0 1  

0 0 0 0 0 0  

0 0 0 0 0 0  

\ + Y J  m 

_ m  

f o r  t r a n s f e r r i n g  ac ross  t h e  ( i + l ) t h  and i t h  b lade  sec t ion .  Extend- 
ing Equation ( 7 9 )  I t h e  express ionwhich  relates t h e  s ta te  vec tor  
a t  t h e  inboard p o s i t i o n  of t h e  i t h  s e c t i o n  t o  t h e  s ta te  vec to r  a t  
t h e  b lade  t i p  can be w r i t t e n  i n  ITe form 

The b lade  t i p  s t a t e  vec tor  denoted by { g} (Tip) has  t h e  
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T h i s  mat r ix  equat ion can be r e w r i t t e n  as 

The reason f o r  w r i t i n g  Equation (81) i n  t h e  form shown is connected 
with t h e  modified t r a n s f e r  mat r ix  procedure used t o  so lve  t h e  f i n a l  
system of equat ions fo r  t h e  dynamic forced  response.  

The f a c t  t h a t  t h e  matr ix  is  a 1 2  x 6 i n s t e a d  of  a M Tip 

1 2  x 1 2  reduces t h e  number of computations requi red  t o  o b t a i n  the 
as soc ia t ed  t r a n s f e r  matr ix  for  t h e  whole blade.  

On i n s e r t i o n  of Equation (821 i n t o  Equation (80), t h e  
equat ion 

i s  obtained where t h e  a s soc ia t ed  matr ix  i s  def ined as 

and t h e  a s soc ia t ed  fo rc ing  func t ion  column i s  def ined  as 

Equation (83) i s  t h e  b lade  mat r ix  equat ion which i s  v a l i d  for  any 
s e c t i o n  which i s  outboard of a l l  poss ib l e  hinge and bear ing  d i s -  
c o n t i n u i t i e s  i n  t h e  b lade  model. 

Representat ion of blade hinge and bear ing  d i s c o n t i n u i t i e s  
w i t h o u t -  The  a n a l y s i s  being developed inc ludes  t h e  
r ep resen ta t ion  necessary for  cons idera t ion  of f l a p  hinge,  p i t c h  
bear ing,  and rocker  arm attachment p o i n t  d i s c o n t i n u i t i e s  i n  t h e  
b lade  model. A t  these l o c a t i o n s  there are d i s c o n t i n u i t i e s  i n  f l a p  
angle ,  t o r s i o n a l  d e f l e c t i o n ,  and blade torque ,  respec t ive ly .  

The s ta te  vector r e l a t i o n s h i p  across  t h e  p i t c h  bear ing  d i s -  
con t inu i ty  l o c a t i o n  may be w r i t t e n  i n  t h e  form 

61 



where the  column v e c t o r  

(.)m f ea = {o 0 Qx 0 0 0 0 0 0 0 0 0 > -  (87) 

The s t a t e  vec to r  r e l a t i o n s h i p  across the  f l a p  hinge discon- 
t i n u i t y  l o c a t i o n ,  provided there e x i s t s  a f l a p  hinge i n  the b lade  
model, i s  given by 

where t h e  column vec to r  

{z}ifilap = {o 0 0 0 0 0 0 0 0 CJ Y 0 o}m (89 )  

I n  t r a n s f e r r i n g  ac ross  t h e  rocker  arm attachment p o i n t  it is 
assumed t h a t  only t h e  torque appl ied  t o  t h e  b lade  from t h e  c o n t r o l  
system is  s i g n i f i c a n t .  Thus t h e  t r a n s f e r  inboard across  the  cont- 
r o l  torque p o i n t  can be w r i t t e n  a s  

(c . t . )+  - {.)c.t. 
m m m 

where t h e  column vec tor  

{ i i } ~ * t * = ( o o o E o o o o o o o o m  1 . C9l) 

The q u a n t i t i e s  m, qxI and 
are t o  be solved f o r  i n  t h e  f i n a l  system of equat ions,  

matr ix  equat ions 

are a d d i t i o n a l  b lade  unknowns which 
Y 

Equations (90)  , (86) , and (88) can then be replaced by the 
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where t h e  fol lowing a r r a y s  only have one element: 

‘0’ 
0 
1 
0 
0 

d o ’  
0 
0 
0 
0 
0 

and 

; 

r O  
0 
0 
1 

k0, m 

0 
0 
0 
0 

\ o  

= * 

0 
0 
0 
0 

0 
0 
0 
1 
0 

0 

m ,o, 

Expression ( 8 3 )  can now be replaced by t h e  matr ix  equat ion 
which provides  t h e  s t a t e  vec to r  a t  t h e  inboard end of an a r b i t r a r y  
blade s e c t i o n  which i s  

be t h e  blade s e c t i o n  numbers and N f l a p  where by l e t t i n g  Neat , Nfea ,  

immediately inboard of which t h e  c o n t r o l  to rque ,  p i t c h  bear ings ,  
and f l a p  hinge a r e  r e s p e c t i v e l y  loca ted ,  t h e  new mat r ices  appearinq 
i n  Equation (97 )  a r e  def ined as 

Li {o}  c.t .  (98 )  i < N  
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PIfea m 

{o)  

fea i > N  

i = Nfea 

i < N  (99) fea 

LL { o }  

i = Nflap 

With the above definitions the state vector, {g}Ai)-, when evaluated 

at i equal to , or N will be immediately inboard €laD . Nfea, 
of the cciitrol torque point, the pitch bearings or the flap hinge, 
respectively. 

Application of blade root and discontinuity boundary condi- - 
tions when no aerodynamic loadin=- 
conditions which occur at the blade root and the conditions which 
must occur at the control torque point, pitch bearing, and flap 
hinge, the governing blade equations In terms of blade tip un- 
knowns and discontinuity unknowns can be obtained when aerody- 
namic sections are not allowed. 

By use of the boundary 

Displacement and slope boundary condition applications: 
Letting NS be the number of blade sections, the state vector at 
the blade root is determined from Equation (97) by letting i 
equal NS. If the boundary conditions at the root of each blade 
are such that all displacements and slopes vanish, then these 
conditions are expressed by the matrix equation 

[ ] { 3 } y  = (0) 
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O r ,  f r o m  Equation (97) 

where 

1 0 0 0 0 0 0 0 ~ 0 0 0  

0 0 1 0 0 0 0 0 0 0 0 0  

O O O O f O O Q 0 O O O  

[a] ~; 0 0 0 0 1 0  0 0 0 0 ~ 

0 0 0 0 0 0 0 0 1 0 0 0  

0 0 0 0 0 0 0 0 0 0 1 0  

Equation (102)  provides s i x  equat ions for each blade.  However, 
t h e r e  are n ine  poss ib l e  unknowns due t o  t h e  c o n t r o l  torque,  p i t c h  
bear ing ,  and f l a p  d i s c o n t i n u i t i e s .  T h e  o t h e r  t h r e e  equat ions are 
obtained from t h e  condi t ion  of zero bendins moment and torque a t  
t h e  f l a p  hinges and p i t c h  bear ings  r e s p e c t i v e l y ,  i n  add i t ion  t o  t h e  
r e l a t i o n s h i p  between t h e  c o n t r o l  torque and t h e  b lade  t o r s i o n a l  
d e f l e c t i o n  a t  t h e  rocker  arm attachment po in t .  

Applicat ion of zero torque condi t ion a t  p i t c h  bear ing:  
Consider t h e  condi t ion  of zero torque a t  t h e  blade p i t c h  bear- 
ings .  The s ta te  vec to r  a t  t h e  p i t c h  bear ings i s ’  given by 

. I n  o rde r  f o r  t h e  torque (which i s  the f o u r t h  m 
q u a n t i t y  i n  t h e  s t a t e  vec to r )  t o  vanish t h e  equat ion 

must be s a t i s f i e d .  O r  equ iva len t ly  
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where t k )  = (0 0 0 1 0  0 0 0 0 0 0 0 ) .  

Applicat ion of c o n t r o l  torque condi t ion  f o r  coupling with 
swashplate o r  gyroscope c o n t r o l  system: The equat ion f o r  t h e  con- 
t r o l  torque must reflect  the coupling between t h e  b lade  and t h e  
swashplate o r  gyroscope motion, I n  real  t i m e  t h e  balance of 
fo rces  on t h e  mth c o n t r o l  rod which connects t h e  rocker  arm t o  the 
swashplate i s  g 5 e n  by 

where km and T~ a r e  t h e  l i n e a r  s t i f f n e s s  and damping c o e f f i c i e n t s  
of t h e  mth - con t ro l  rod,  respec t ive ly ,and  am i s  the d i s t ance  of con- 
t r o l  rod rocker arm attachment p o i n t  a f t  of q u a r t e r  chord. 
ing  by km and tak ing  the  Laplace t ransform y i e l d s  

Divid- 

Referr ing t o  Equations ( 9 0 )  , ( 9 1 )  , and ( 9 2 )  

c. t. *c. t. 
m m 

and a l s o  

where (r3) = (0  0 1 0  0 0 0 0 0 0 0 0 3 .  

Thus, t h e  con t ro l  torque equat ion can be w r i t t e n  i n  t e r m s  of the 
blade t i p  and i n t e r n a l  d i s c o n t i n u i t y  unknowns as 
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3] [ ~ ] ~ c . t . )  {- *((Tip) *C.t. 
- a 2 ( 1  m + ‘ I ~ S )  r I S }  m +k,l I r k ] {  h}z*tm{a} m 

If t h e  swashplate i s  replaced by a gyroscopic c o n t r o l  system, 
t h e  equat ion f o r  t h e  c o n t r o l  torque must reflect t h e  coupling 
between t h e  r o t o r  b lade  and t h e  r i g i d  body motion of t h e  gyroscope. 
I n  sea l  t i m e  the balance of f o r c e s  on t h e  mth c o n t r o l  rod which 
connects t h e  rocker  arm t o  t h e  gyroscope i s -y iven  by 

where t h e  w R  q u a n t i t i e s  now s tand  f o r  t h e  r i g i d  body motions of t h e  
gyroscope ( i .e .  , see Equations (17), (18)  , and (19)  f o r  equat ions 
of motion of t h e  gyroscope) and are given a s  

@mP) 
W L 1  = - $I R s i n ( $ m  - 

*r P 

w;, - - - zr  

Dividing by km and tak ing  t h e  Laplace transform y i e l d s  

through t h e  swash- 
i s  e s s e n t i a l l y  t h e  

Therefore ,  whether t h e  rotor blades a r e  coupled 
p l a t e  o r  t h e  gyroscope, t h e  genera l  formulat ion 
same wi th  t h e  only d i f f e r e n c e  being t h e  f u n c t i o n a l i t y  involving t h e  

- 9 ) t e r n .  
( 8, mP 

Applicat ion of f lapwise moment condi t ion  a t  f l a p  hinge: If 
a f l a p  hinge i s  p r e s e n t  t he  condi t ion  t h a t  the f lapwise  moment 
vanish g ives  t h e  l a s t  equat ion needed. S i n c e  the f lapwise 

67  



moment i s  the e l even th  q u a n t i t y  i n  the s t a t e  vector, t h i s  condi- 
t i o n  is  satisfied provided 

where ( r 1 1 ) = ( 0 0 0 0 0 0 0 0 0 0 1 0 )  

Referr ing back t o  Equation (97), t h e  zero f l a p  hinge moment i s  
expressed by 

For a blade without  aerodynamic loadinq ,  Equation ( 9 7 )  re- 
l a t e s  t h e  state vec to r  v a r i a b l e s  a t  t h e  inboard end of t he  i t h  
s e c t i o n  of t h e  m t h  b lade  t o  t h e  b lade  t i p  unknowns and disco? 
t i n u i t y  unknownsand thus may be  u t i l i z e d  t o  ob ta in  the blade 
shape i f  a l l  unknowns have been determined. 
knowns a r e  obtained by use of Equations ( 1 0 2 )  (105)  , (115) and 
e i ther  (110) o r  (113) depending on t h e  type of con t ro l  system 
involved e 

Values f o r  the  un- 

S h i f t  of transform v a r i a b l e  i n  s e c t i o n a l  t r a n s f e r  matr ix  
Equation and i t s  i n t e r p r e t a t i o n . -  P r i o r  t o  t h e  inc lus ion  of aero- 
dynamic b lade  s e c t i o n s  i n t o  the  b lade  model which compounds t h e  
complexity of the t r a n s f e r  matr ix  approach, cons idera t ion  of t h e  
r ep resen ta t ion  implied by t h e  use of Laplace ' transform s h i f t e d  and 
unshi f ted  v a r i a b l e s  w i l l  be advantageous. 

I n  t h e  previous development of t he  t r a n s f e r  matr ix  equation,,  
Equation (74), the Laplace transformed a r r ays  a r e  a func t ion  of t h e  
Laplace t ransform v a r i a b l e ,  s f  although t h i s  dependency was not  
e x p l i c i t l y  shown. T h i s  dependency i s  d i r e c t l y  observable by re- 
wr i t i ng  Equation ( 7 4 )  i n  t h e  form 

In  the dynamic response type of s o l u t i o n  the  t o t a l  s ta te  vec to r s  
and forc ing  func t ion  corresponding t o  those i n  t h e  above express- 
ion  are e x p r e s s i b l e  i n  real-time no ta t ion  i n  a Four ie r  series form 
exemplified f o r  t h e  s ta te  vec tor  by 

m 

n=- co 
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where t h e  Sn harmonic c o e f f i c i e n t s  may be complex v a r i a b l e s  and 
correspond t o  t h e  commonly denoted; O/rev., t l / rev. ,  and etc.; 
blade responses and fo rc ing  func t ions  f o r  t h e  state vec to r s  and 
fo rc ing  func t ion  a r r a y s ,  r e spec t ive ly .  S u b s t i t u t i o n  of iNpn f o r  
t h e  Laplace t ransform v a r i a b l e ,  s ,  i n  Equation (116)  provides t h e  
t r a n s f e r  matr ix  equat ion r e l a t i n g  Np/rev, c o e f f i c i e n t s  of t h e  s t a t e  
vec to r s  on both ends of a s e c t i o n  and of t h e  fo rc ing  func t ion  on 
t h e  sec t ion .  

T h i s  can be shown by f i rs t  applying t h e  Laplace transform 
opera t ions  as s p e c i f i e d  i n  Equation (116)  t o  t h e  real-time state 
vec to r s  and fo rc ing  func t ion  such t h a t  

r e s u l t s .  Mul t ip l i ca t ion  of both s i d e s  of t h e  above expression by 
(s-iNpn) y i e l d s  the equat ion 

which i n  t h e  l i m i t  as s approaches iNpn reduces t o  t h e  form 

r e l a t i n g  t h e  Np/rev. harmonic c o e f f i c i e n t s  of t h e  s t a t e  vec to r s  
and fo rc ing  func t ion  involved.. Thus, s u b s t i t u t i o n  of iNpQ f o r  S 
i n  Equation (116) corresponds t o  the r e l a t i o n s h i p  shown i n  t h e  
l a s t  expression,  

S h i f t e d  Laplace t ransform Variables  of t h e  form (s-iknj re- 
p resen t  harmonics relative t o  the main harmonic of i n t e r e s t  de- 
noted by t h e  va lue  of s. 
(1161, t h a t  i s ,  r ep lac ing  s by Cs-iknl, t he  expression 

B y  s h i f t i n g  t h e  argument of Equation 
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is  obtained. Applicat ion of the s a m e  procedure t h a t  was used on 
Equation (116) t o  Equation (117) y i e l d s  when s is  replaced by iNpQ 

{S Np - k }m (i)- = p ( i ( N p - k ) f i g i i ’ { S  Np-k }m (i)+ + {I? Np-k jm (i) 

which relates t h e  (Np-k)/rev. harmonic c o e f f i c i e n t s  of t h e  s t a t e  
vec to r s  and t h e  fo rc ing  func t ion .  I n  t h i s  equat ion and Equation 
(117) a p o s i t i v e  value for  k corresponds t o  a downward s h i f t  i n  
t h e  harmonic from t h a t  s p e c i f i e d  by s whereas a negat ive k de- 
no tes  an upward s h i f t  i n  harmonic. The quan t i ty ,  S r  taken as iNpQ 
i n  Equation (117)  provides t h e  r e l a t i o n s h i p  shown i n  t h e  l a s t  ex- 
press ion .  This s h i f t e d  Laplace transform concept i s  v a l i d  f o r  
any o r i g i n a l l y  t i m e  dependent v a r i a b l e  used i n  t h i s  r epor t .  

For convenience i n  t h e  r ep resen ta t ion  of t h e  t r a n s f e r  matrix 
approach when aerodynamic s e c t i o n s  a r e  included i n  t h e  b lade  model 
Equation (117) can be w r i t t e n  i n  t h e  subscr ip ted  form 

Transfer  mat r ix  r ep resen ta t ion  of t r a n s f e r  across  an aero- 
dynamic sec t ion . -  The t r a n s f e r  across  an aerodynamic s e c t i o n  i n  
real-time no ta t ion  can be represented by t h e  matr ix  r e l a t i o n s h i p  

where [C] (i’ and [D] (i’ are t r a n s f e r  a r r ays  involving p e r i o d i c  

func t ions  and the column v e c t o r ,  {d>‘i’ i s  t h e  aerodynamic forc-  

i n g  func t ion  a l s o  c o n s i s t i n g  of p e r i o d i c  funct ions.  Each of t h e s e  
a r r ays  can be  expanded i n  a Four ie r  series form. For example, 

W [c] ( i )  = 1 [cn] (i) einfit 
n=-w 

Defining [. ] ( i )  r e l a t i v e  t o  t h e  i n i t i a l  p o s i t i o n  of t h e  f i r s t  

b lade  and rep lac ing  Qt with (Qt+$m-$ 
f o r  the m t h  b lade  

n m  
) ,  Equation (120)  becomes 

mP 
_I 

Applying t h e  s a m e  procedure t o  the  o t h e r . t w o  a r r ays  appearing i n  
Equation ( 1 1 9 )  and s u b s t i t u t i n g  i n t o  Equation (119)  r e s u l t s  i n  
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The Laplace t ransform of Equation (122), assuming quiescent  
i n i t i a l  condi t ions  and a lso s h i f t i n g  t h e  Laplace transform 
v a r i a b l e ,  s ,  is  

The summation on t h e  f i rs t  t e r m  of t h e  above expression can 
be taken from n=-Nf t o  N 

above and coupled t o  t h e  frequency being solved f o r .  The summa- 
t i o n  on t h e  second t e r m  can be taken from n=-Nff t o  N f f  where N f f  

is  maximum number of aerodynamic fo rc ing  func t ion  v a r i a b l e  har- 
monics n o t  inc luding  the  s teady ,  t h a t  a r e  obta inable .  

where Nf i s  the  number of harmonics f 

However, when these  l i m i t s  a r e  placed on t h e  r e spec t ive  
summations involved i n  Equation (123) ,  it can be observed t h a t  t h e  
equation r ep resen t ing  s h i f t e d  harmonics of t h e  s t a t e  v e c t o r ,  k 
n o t  zero,  involves  harmonics f u r t h e r  removed from the  main harmonic 
of i n t e r e s t .  
i nc lus ion  of interharmonic coupling l / rev .  above and below the  
harmonic corresponding t o  k equal  t o  zero,  t h e  ve r s ion  of Equation 
(123)  f o r  k equal  1 would inc lude  a t e r m  involving (n+k) equal  t o  
2 which corresponds t o  a harmonic %/rev. below the  main harmonic 
and s i m i l a r i l y ,  f o r  k equal  -1, a t e r m  involving (n+k) equal  t o  -2 
r e s u l t s .  T h i s  a d d i t i o n  of e x t r a  harmonics above and below t h e  
range s p e c i f i e d  by the value f o r  Nf  i s  n o t  d e s i r e d  s i n c e  t h e s e  
a d d i t i o n a l  harmonics would i n  t u r n  have t o  be represented  and 
thereby r e s u l t  i n  f u r t h e r  a d d i t i o n a l  harmonics and so on. 

For example, i f  N f  i s  taken as 1 corresponding t o  

To overcome t h i s  problem t h e  summation involved i n  the  f i rs t  
t e r m  of Equation (123) can be taken from n=-Nf-k t o  N f - k .  

eve r ,  s i n c e  n inc ludes  (-k) the s a m e  r e s u l t  is obtained i f  t h e  
How- 
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summation i s  taken over n=-N 
t h e  f i rs t  t e r m  i s  rep laced  by (n-k),  This y i e l d s  

t o  Nf and n i n  Equation (123)  i n  f 

+ c  s-ikn-inn) n=-NFF 
L L  

which can be w r i t t e n  i n  t he  form 

where 

mat r ix  f o r  a given s e c t i o n  with (n-k) denoting which harmonic of 
t h e  C and D matrices i s  involved and n represent ing  the  s h i f t  on 
s i nhe ren t  i n  t h e  matrix.  

. ] (i) r ep resen t s  t h e  aerodynamic s e c t i o n  t r a n s f e r  n-k,n m 

Transfer  mat r ix  r ep resen ta t ion  of b lade  model w i t h  aerody- 
Equation namics b u t  wi thout  hinge o r  bear ing  d i s c o n t i n u i t i e s . -  

(118)  r e p r e s e n E n g  l n a m i c  s e c t i o n  
and Equation (125) r ep resen t ing  t h e  t r a n s f e r  across  an aerody- 
namic s e c t i o n  provide t h e  fundamental r e l a t i o n s h i p s  necessary t o  
cons t ruc t  the  a s soc ia t ed  t r a n s f e r  matr ix  r ep resen ta t ion  r e l a t i n g  
t h e  s ta te  vec tor  a t  t h e  inboard end of a b l ade  s e c t i o n  t o  t h e  
b lade  t i p  unknowns. 

I n  o rde r  t o  inc lude  the  aerodynamic interharmonic coupling 
effects, Equation (83)  i s  modified to t h e  form 
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where t h e  k and n s u b s c r i p t s  denote  the degree of harmonic s h i f t  
r e l a t i v e  t o  the harmonic s p e c i f i e d  by the Laplace transform 
v a r i a b l e ,  s ,  as previous ly  noted. The modified associated 

t r a n s f e r  mat r ices  of t h e  form, [. k,n ] (i’ r e p r e s e n t  t h e  e f f e c t s  of 

n-sh i f ted  harmonic c o e f f i c i e n t s  of t h e  b lade  t i p  s lopes  and de- 
f l e c t i o n s  on the k - sh i f t ed  harmonic c o e f f i c i e n t s  of t h e  state 
vec tor  v a r i a b l e s  a t  t h e  inboard end of t h e  i t h  s e c t i o n  and fo r  
t h e  mth blade.  

of t h e  form, {Ek) 
fo rc ing  func t ion  harmonic c o e f f i c i e n t s  on t h e  k-sh i f ted  harmonic 
c o e f f i c i e n t s  of the s ta te  vec to r  v a r i a b l e s  a t  the inboard end 
of t h e  i t h  s e c t i o n  due t o  aerodynamic, m a s s ,  and i n e r t i a  loadings 
on and o a o a r d  of t h i s  b lade  sec t ion .  

The modified a s soc ia t ed  f o r c s g  func t ion  vectors 
c 

, r e p r e s e n t s  t h e  e f f e c t s  of t h e  k-sh i f ted  

S ince  i n c l u s i o n  of aerodynamics i n t o  the b lade  model r e s u l t s  
i n  interharmonic coupling which i s  apparent  i n  Equation (125) I 
t h e  subsc r ip t ed  a s soc ia t ed  t r a n s f e r  matr ix  a r r a y s  and a s soc ia t ed  
fo rc ing  func t ion  v e c t o r s  cannot b e  expressed i n  t h e  simple forms 
exemplified by Equations ( 8 4 )  and (85) when aerodymmlcs are in-  
cluded. In s t ead ,  t h e  r e l a t i o n s h i p s  between t h e  a s soc ia t ed  
t r a n s f e r  a r r a y s  and f o r c i n g  func t ions  a t  t h e  inboard end of a 
s e c t i o n  and t h e  a s soc ia t ed  t r a n s f e r  a r r ays  and fo rc ing  func t ions  
a t  t h e  outboard end of a s e c t i o n  f o r  t h e  two types  of b lade  
s e c t i o n s  can be determined. 

For  a non-aerodynamic s e c t i o n ,  Equation C1261 with  t h e  (i) 
s u p e r s c r i p t s  rep laced  by ( i -11  s u p e r s c r i p t s  can be i n s e r t e d  i n t o  
Equation (118) f o r  t h e  (i)+ supe r sc r ip t ed  s t a t e  vec to r  (making use  
of t h e  form of Equation C781j such t h a t  t h e  equat ion 

r e s u l t s .  
t h e  r e l a t i o n s h i p s  of  t h e  a s soc ia t ed  t r a n s f e r  matrices and asso- 
ciated f o r c i n g  func t ion  vec to r s  of a s e c t i o n  t o  those of t h e  
previous s e c t i o n  can be expressed as 

From a comparison of t h i s  expression and Equation (126) 



For an  aerodynamic s e c t i o n  the same form of comparison can 
be used. In t h i s  case, t h e  s u p e r s c r i p t  i n  Equation (126) i s  
a l t e r e d  i n  the previous manner b u t  t h e  k s u b s c r i p t  i s  replaced 
by p such t h a t  when the r e s u l t i n g  express ion  i s  i n s e r t e d  i n t o  a 
f o r m  of Equation (125) where t h e  dummy index n has  been replaced 
by p i n  t h e  f i r s t  t e r m  t h e  fol lowing equat ion r e s u l t s  

L 

N f f  {d }(i)ein('m-'mp) 

n=-N 
n m  + I  (s-ikQ-inn) 

f f  

Referr ing back t o  Equation ( 1 2 6 )  

and 

(1291 

It should be noted t h a t  the as soc ia t ed  t r a n s f e r  mat r ices  
f o r  k n o t  equal  t o  n consist of all zero elements u n t i l  an 
aerodynamic s e c t i o n  i s  encountered s i n c e  non-aerodynamic s t a t i o n s  
do n o t  provide interharmonic coupling. T h i s  can be observed by 
no t ing  t h a t  t h e  d e f i n i t i o n  of t i p  s ta te  vec to r s  i n  t e r m s  of t h e  
t i p  unknowns by a p p l i c a t i o n  of t i p  boundary condi t ions  i s  repre-  
sented by a s u b s c r i p t  form of Equation (82) which is  
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where t h e  matr ix  [Tk]iip is def ined  f o r  each va lue  of k as pre- 

v ious ly  def ined  by Equation (81) .  The above expression can be 
extended t o  t h e  form 

where t h e  ]Tk 1 ‘Tip’ .array i s  def ined f o r  k equal  t o  n a s  i n  rn m 

Equation CSlI  and c o m i s t s  of a l l  zero elements i f  k i s  n o t  equal  
t o  n. Thus, i f  t h e  first s e c t i o n  i s  a non-aerodynamic s e c t i o n ,  
Equation (127)  would be replaced by 

based on a s u b s c r i p t  form of Equation ( 8 4 )  when i i s  equal  t o  1. 
Thus, from t h i s  expression and Equation ( 1 2 7 ) ,  t he  a s soc ia t ed  
t ransfer  matr ices  f o r  k n o t  equal  t o  n can be seen t o  c o n s i s t  of 
all zeroes u n t i l  an aerodynamic s e c t i o n  i s  crossed a t  which 
p o i n t  t h e  a s soc ia t ed  t r a n s f e r  mat r ices  f o r  k n o t  equal  t o  n re- 
ceive a con t r ibu t ion  due t o  interharmonic coupling as shown by 
Equation ( 1 3 0 ) .  

With t h e  inc lus ion  of aerodynamic s e c t i o n s ,  Equation ( 1 2 6 )  
has become t h e  gene ra l  mat r ix  t r a n s f e r  equat ion f o r  s e c t i o n s  
outboard of hinge o r  bear ing  d i s c o n t i n u i t i e s  where the  asso- 
c i a t e d  t r a n s f e r  mat r ices  a r e  related.  by e i t h e r  Equation ( 1 2 7 )  o r  
( 1 3 0 )  and t h e  associate;. f o r c i n g  func t ion  vec to r s  are r e l a t e d  by 
Equations ( 1 2 8 )  o r  (131) 

Hinge and bear ing  d i s c o n t i n u i t i e s  r ep resen ta t ion  modifica- 
t i o n s  due t o  inc lus ion  of aerodynamics.- 
inboard end of any a r b i t r a r y  blade s e c t i o n  on extending Equation 
(97)  t o  a subsc r ip t ed  form is defined by 

The s ta te  vec tor  a t  t h e  
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Since,  normally,  an aerodynamic s e c t i o n  would n o t  occur inboard of 
the f l a p  hinge,  p i t c h  bear ings ,  o r  rocker  a m  attachment p o i n t  
Equations (98) (991, and (100) can be extended t o  

where {p k , n  m , {x k ,n  }fea m , and {xk,n}~lap are def ined  i n  

Equation ( 9 6 )  when k i s  equal  t o  n and c o n s i s t  of a l l  zeroes i f  k 
i s  not  equal  t o  n. I f  an aerodynamic s e c t i o n  does occur inboard 
of t h e  f l a p  hinge,  p i t c h  bear ings o r  rocker  arm attachment po in t ,  
then,  as  t h e  r e s u l t  of a t r a n s f e r  ac ross  t h i s  s e c t i o n ,  t h e  a r r a y s  
def ined  i n  Equation ( 1 3 4 )  are a l t e r e d  such t h a t ,  for example, 

and {- }(i) 
dk,n In and sirrtilar equat ions occur f o r  

Applicat ion of blade root  and d i s c o n t i n u i t y  boundary condi- 
t i o n s  w i t h  aerodvnamics.- From the  creneral f o r m  fo r  the  s ta te  
vec tor  inboard 02 any a r b i t r a r y  s e c t i o n  a s  represented  by Equa- 
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t i o n  (133) t h e  boundary condi t ions  a t  the b lade  r o o t  and the dis- 
con t inu i ty  condi t ions  can be a p p l i e s  as i n  Equations (101)  
through (115) t o  y i e l d  the r e p r e s e n t a t i v e  equat ions  when aero- 
dynamic s e c t i o n s  are included. 

Displacement and s l o p e  boundary condi t ion  app l i ca t ions :  With 
t h e  s lopes  and displacements being zero i n  value a t  t h e  b l ade  
r o o t  i r r e s p e c t i v e  o f - t h e  va lue  of k ,  t h e  i n s e r t i o n  of Equation 
(133) f o r  i equal  t o  N S  i n t o  Equation (101)  w i t h  k s u b s c r i p t  
added t o  t h e  b lade  r o o t  s ta te  vec tor  y i e l d s  

Applicat ion of  zero torque condi t ion  a t  p i t c h  bear ing:  The 
condi t ion  of zero torque a t  t h e  blade p i t c h  bear ing  i s  achieved 
i f  t h e  Laplace s h i f t e d  ( subscr ip ted)  form of Equation ( 1 0 4 )  which 
i s  

i s  s a t i s f i e d .  
i n t o  t h e  above expression and not ing t h a t  t h e  fou r th  element i n  

each {- 
equat ion 

I n s e r t i o n  of Equation (133) wi th  i replaced  by Nfe, 

is zero in value the p i t c h  bear ing  d i s c o n t i n u i t y  
1 

'k,n m 

Applicat ion of c o n t r o l  torque condi t ion  f o r  coupling wi th  
swashplate o r  gyroscope c o n t r o l  systems: The equat ion represent -  
i n g  t h e  coupling between t h e  blade and t h e  swashplate motion 
when aerodynamics are allowed can be obtained by f i r s t  consider ing 
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the  modif icat ions necessary t o  Equations (107) , (108)  , and (109). 
S h i f t i n g  of t he  Laplace transform v a r i a b l e  of Equation ( 1 0 7 )  
y i e l d s  

where 

y i  a 1 + T (s-ikn) 
m c m  1 

Equations (108) and ( 1 0 9 )  can be extended t o  t h e  subscr ip ted  forms 

and 

Nf * f l a p  + (r31{- }(Nc.t .  ) 
- ( r 3 ]  1 {- dk,n }(Nc*tm m {rn}m Hk m 

f n=-N 

1 
i n  which t h e  t e r m s  have been dropped s i n c e  t h e  

1 
t h i r d  element i n  each a r r a y  i s  zero i n  value and t h e  

t e r m s  have been neglected s i n c e  t h e  p i t c h  bear ing  should occur a t  
o r  inboard of t h e  c o n t r o l  torque a p p l i c a t i o n  po in t .  The s u b s t i -  
t u t i o n  of these  l a s t  two equat ions i n t o  Equation (138) y i e l d s  
t h e  con t ro l  to rque  d i s c o n t i n u i t y  equat ion i n  t h e  form 
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For a gyroscope c o n t r o l  system the l a s t  t e r m  i n  Equation (139) 
i s  replaced w i t h  a summation f r o m  R=-1 t o  +1 of t h e  t e r m  

'm W~ 

condi t ion  of zero f lapwise  moment a t  the f l a p  hinge is  achieved 
i f  t h e  Laplace s h i f t e d  ( subscr ip ted)  form of Equation ( 1 1 4 )  
which i s  

( s - ikn )  . -k - I  

Applicat ion of f lapwise  moment condi t ion  a t  f l a p  hinge: The 

i s  s a t i s f i e d .  I n s e r t i o n  a€ Equation (133) with i replaced by 
i n t o  the above expression and not ing  t h a t  t h e  e leventh  Nf lap 

1 
element i n  each (3 k , n  i s  z e r o  i n  va lue  r e s u l t s  i n  t h e  

f lapwise d i s c o n t i n u i t y  equat ion 
- 

I n  conjunction wi th  t h e  swashplate equat ions of motion, 
Equations (136) ,  (137) ,  (139) ,  and (140) provide the  necessary 
r e l a t i o n s  t o  ob ta in  the  s o l u t i o n  when aerodynamic coupling is 
included. T h e  s t a t e  vec to r  a t  any s e c t i o n  can be obtained by use 
of Equation ( 1 3 3 )  a f t e r  the va lues  f o r  t i p  unknowns have been 
obtained 
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Development of the F i n a l  Matrix Equations Governing 
Dynamic Forced Response Behavior of Rotor Blades 

Coupled Through a Swashplate 

The b a s i c  governing equat ions have been developed which are 
necessary t o  r ep resen t  the dynamic forced  response behavior of 
a rotor  b lade  system coupled w i t h  a swashplate o r  gyroscope 
c o n t r o l  system. These equat ions ,  however, have n o t  b 
bined t o  cons t ruc t  t h e  f i n a l  form of t h e  matr ix  Equa 
must be solved i n  order  t o  o b t a i n  b lade  t i p  and c o n t r o l  system 
unknowns. To accomplish this ,  t h e  swashplate governing equa- 
t i o n s  w i l l  be reduced t o  a c o e f f i c i e n t  form s u i t a b l e  for  inc lu-  
s ion  wi th  an a r r a y  c o e f f i c i e n t  form of t h e  blade r ep resen ta t ion  
i n t o  a f i n a l  mat r ix  f o r m .  I n  a d d i t i o n ,  a s i m i l a r  c o e f f i c i e n t  
form of t h e  gyroscope equat ions w i l l  be constructed t o  r ep lace  
the swashplate r ep resen ta t ion  i f  t h i s  type of c o n t r o l  is des i red .  

General c o e f f i c i e n t  r ep resen ta t ion  of swashplate governing 
equat ions of motion.- The swashplate governing equat ion of 
motion, Equation (71), can be w r i t t e n  i n  t h e  form 

m m I 1  
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e.s. N 
+ 1 (1 - b . S  ) (1 - b .S  1 e 

j=1 1 %  3 9  q 

i where 6 is  t h e  Kronecker d e l t a  func t ion  def ined  such t h a t  
j 

i 
6 = 1  f o r i = j  
j 

and 

, i = ~  f o r i + j  . 
j 

Also, i n  obta in ing  Equation (141) , t h e  fo rce  i n  t h e  con t ro l  rods ,  
P m ( s )  , has been replaced by t h e  con t ro l  to rques ,  (TT)m, divided 
by t h e  r e spec t ive  c o n t r o l  rod attachment p a i n t  o f f s e t .  

On observat ion of Equation ( 1 4 1 ) ,  it appears t h a t  t h e r e  would 
be more unknowns than  equat ions  because of t h e  s h i f t i n g  of t h e  
Laplace transform va r i ab le .  There i s ,  however, an i m p l i c i t  
r e l a t i o n s h i p  between W (s) and Q ( s - i n n ) .  I n  t h i s  a n a l y s i s ,  more 
equat ions are cons t ruc ted  from t h e  b a s i c  ones bv a d d i t i o n a l  s h i f t -  

R R 

ing  of t h e  Laplace t ransform v a r i a b l e  such t h a t - s  i s  replaced by 
(s-ikn) throughout Equation ( 1 4 1 ) .  The end r e s u l t  i n  genera l  f o r m  
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where 

Note t h a t  (EkIm which appears i n  Equation ( 1 4 2 )  i s  t h e  s a m e  term 
which appears i n  Equation (138) and def ined  fol lowing t h a t  equa- 
t i o n .  
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Final matrix form of equation for determination of unknown 
quant?ties.- 
coupled rotor-swashplate system can be written for the k denoted 
harmonic relative to that specified by the value used for the 
Laplace transform variable in the matrix form 

The complete set of equations representing the 

where Ek,J is representative of the terms multiplying the 
unknown quantities {.n}* and {Fk}* consists of the forcing function 

terms for all blades and swashplate. All the terms involved may be 
obtained from Equations (136), (1371, (139) , (140) and (142). 

The Fk,J array for a three-bladed rotor can be represented, 

utilizing integers for blade subscripts,as 

L d 

where, if the number of spacial harmonics retained in the swash- 
plate is limited by letting the summation over R range from 
-N 
Equation (142) are represented by 

to Nmax, for Nmax equal 1 the swashplate impedances from max 

- k,n 6n-1 - 0  n -k,n gn+l 
~ k , n l  = 1'0 , - I  k 1 'n 6k /Xg,i  k 
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and swashplate coupling to the blade, m, is given by 
.- 

The blade root condition and discontinuity equations provide the 
generalized impedances of the blade, m, as 

0 

0 

and the 

['k]m = 

a 4  

blade coupling to the swashplate as 

0 
- 



It should be noted t h a t  , appearing i n  Equations (1481 
and (149)  has  a non-zero element only when k i s  equal  t o  n. 

, r ep resen t s  t h e  b l ade  and { .n), 
swashplate unknowns i n  t h e  form of 

The column of unknowns, 

{ctn}* = 

where i n  gene ra l ,  

{En} = 

- 
(s-inn) -N w 

rnax . 
- 
w m l  (s- inn)  

Wo (s- inn)  

Wl (si-inn) . 
- 
W (s-inn) 

Nmax 

{in}; * 

(152) 

The fo rc ing  func t ion  i n  Equation ( 1 4 5 )  can be expressed i n  
t h e  form 
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(?k}* 

where (Brk}*consists of (2Nmax+1) zero elements and 

(FPk}; 

(153) 

Modifications of f i n a l  matr ix  r ep resen ta t ion  for  gyroscope 
c o n t r o l  system.- I f  a gyro system 3s usedf' t h e  Laplace t ransform 
v a r i a b l e  s can be s h i f t e d  by i k Q  i n  Equations ( 2 0 ) ,  ( 2 1 )  and ( 2 2 )  
and manipulated s i m i l a r  t o  t h e  swashplate governing equat ion ,  
Equation ( 7 1 )  such t h a t  t he  gyro governing equat ions  can be 
w r i t t e n  i n  t h e  form s i m i l a r  t o  Equation ( 1 4 2 )  as 
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where 

and 

From Equation (155), fo r  a gyro instead of a swashplate, 
Equation (147) would be replaced with 

-1 n 
ZGn 'k 

0 

0 

0 
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--0 and VG are zero. -k,n 
Q 1 0  

where use has been made of the f a c t  that XG 

I n  add i t ion ,  Equation (148)  would B e  replaced wi th  

+ 
7 rows 

of 
zeros 

J. 

-k -k 
['k] rn P m  m mP 'm = - R Y s i n ( $  -+ - 

0 0 

~ (160) R Y -k cos(+m-+ ) 
P r n  m?? 

0 
- 

Having reduced t h e  anaLysis t o  t h e  mat r ix  form of Equation 
(1451, t h e  method of s o l u t i o n  and wake i t e r a t i o n  scheme can now 
be presented. 

Solu t ion  Scheme For Obtaining Forced Response 
Unknowns and Wake I t e r a t i o n  Procedure 

I n  the previous a n a l y t i c a l  s e c t i o n ,  the necessary expressions 
have been obtained t o  enable  s o l u t i o n  f o r  t h e  dynamic response 
va r i ab le s  f o r  a h e l i c o p t e r  r o t o r  system coupled with a swashplate 
or  gyroscope con t ro l  system. This s e c t i o n  is  concerned w i t h  t h e  
basic s o l u t i o n  t o  obtair ,  va lues  f o r  the swashplate and b lade  t i p  
unknowns, harmonically,  and subsequent determinat ion of t h e  s ta te  
vec to r  va r i ab le s  and with t h e  ex tens ion  of t h i s  b a s i c  s o l u t i o n  
scheme t o  incorpora te  t h e  e f f e c t s  of a deformed f r e e  wake on t h e  
dynamic response v a r i a b l e  involved. 
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Solu t ion  scheme t o  ob ta in  swashplate and blade t i p  unknowns.- 
I n  the development of a n a l y s i s ,  use has been made of Laplace 
transform v a r i a b l e s  such a s  (s-inn) where t h e  i n t e g e r ,  n ,  repre-  
s e n t s  t h e  harmonic s h i f t  r e l a t i v e  t o  t h e  p a r t i c u l a r  harmonic of 
i n t e r e s t  which has previously been denoted a s  Np. T o  s o l v e  f o r  
t h e  Np/rev. swashplate and b l ade  t i p  unknowns, t h e  value of s i n  
t h e  a n a l y t i c a l  expressions necessary t o  ob ta in  the  t e r m s  involved 
i n  Equation (145) is  taken a s  iNpn. Thus, t h e s e  t e r m s  w i l l  be 
dependent on t h e  va lue  of Np i n  add i t ion  t o  t h e  values  of k and/ 
o r  n. Consideration of Equation (145) f o r  -Nf-k-N r e s u l t s  i n  a 
matr ix  equat ion of t h e  form exemplified by tak ing  N f = l  which i s  

< <  
f 

{Fl }* 
L 2 

{L}* 

(91 }* 

and when mul t ip l i ed  by t h e  inve r se  of t h e  square mat r ix  y i e l d s  t h e  
s o l u t i o n  f o r  t h e  unknowns as 

= -  

r 1  
where t h e  LFk,n] a r r a y s  c o n s i s t  of Laplace transform ope ra to r s  and 

t i m e  dependent cons tan ts  and t h e  column a r r a y s  r ep resen t  harmonics 
above, below, and a t  the harmonic of i n t e r e s t  depending on t h e  
value of the  s u b s c r i p t  as referred t o  i n  t h e  s e c t i o n  p e r t a i n i n g  
t o  i n t e r p r e t a t i o n  of t h e  use of s h i f t e d  Laplace transform v a r i -  
ab les .  
can be constructed and solved by Equation (162)  f o r  t h e  (Np+l)/rev. ,  

Thus, f o r  a given va lue  of Np, N E ,  and Nmax, Equation (161) 
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Np/rev. , and (Np-1) /rev.  b l ade  t i p  and swashplate unknowns. 

Determination of t h e  t o t a l  s ta te  vec to r  v a r i a b l e  d i s t r i b u -  
t ions . -  Once t h e  unknowns are obtained by Equation ( 1 6 2 )  f o r  s 
equal  t o  iNpn, Equation (133) i s  used wi th  k equal  t o  zero t o  
determine t h e  Np/rev. s t a t e  vec tor  v a r i a b l e  harmonic c o e f f i -  
c i e n t s  a t  t h e  inboard end of each b lade  s e c t i o n .  For a p a r t i c u l a r  

s ta te  vec tor  v a r i a b l e ,  for  example Vz ,Np, which i s  the  Np/rev. 
harmonic c o e f f i c i e n t  of t h e  shea r  f o r c e  i n  t h e  l o c a l  z d i r e c t i o n  
inboard of t h e  i t h  s e c t i o n ,  i s  obtained i n  t h e  form 

-(i) 

A s  previously noted t h e  s t a t e  vec to r  v a r i a b l e s  can be ex- 
pressed i n  a Four ie r  series form such t h a t  f o r  example 

Taking advantage of t h e  f a c t  t h a t  -n/rev. harmonic c o e f f i c i e n t s  
a r e  complex conjugates of t h e  +n/rev. harmonic c o e f f i c i e n t s ,  sub- 
s t i t u t i o n  of Equation ( 1 6 3 )  i n t o  t h e  l a s t  expression y i e l d s  

where Bo = 0. 

This can also be w r i t t e n  i n  t h e  form 

where 

and 
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If  $ J ~  r ep resen t s  the azimuthal p o s i t i o n  of the blade r e l a t i v e  
t o  i ts  p o s i t i o n  a t  t = 0 ,  Equation (165) can be w r i t t e n  as 

which r e p r e s e n t s  t h e  r ea l  value of t h e  shear  f o r c e  actkng perpen- 
d i c u l a r  t o  t h e  chord. a t  +k for  s c c t i o n  (i).  

O t h e r  t i m e  dependent s ta te  vec tor  v a r i a b l & s  can be obtained 
u t i l i z i n g  t h e  same rep resen ta t ion  as i n  Equation (168)  where t h e  
harmonic c o e f f i c i e n t s  used would correspond t o  the  v a r i a b l e  of 
i n t e r e s t .  To ob ta in  t h e  t o t a l  s t a t e  vector v a r i a b l e s  a s  a func- 
t i o n  of blade r a d i u s  and azimuthal p o s i t i o n  t h e  harmonic coe f f i -  
c i e n t s  f o r ' e a c h  s t a t e  vec to r  v a r i a b l e  m u s t  be determined for  
success ive ly  inc reas ing  va lues  of N (beginning with zero) u n t i l  
t h e  magnitude of the harmonic c o e f f i c i e n t s  can be considered t o  
be n e g l i g i b l e  compared t o  t h e  lower harmonic c o e f f i c i e n t s .  The 
harmonic c o e f f i c i e n t s  f o r  each s ta te  vec to r  v a r i a b l e  can then 
be u t i l i z e d  i n  the  form of Equation (168)  w i t h  t he  upper l i m i t  
on t h e  summation being determined by t h e  h i g h e s t  non-negligible 
harmonic t o  obta in  t h e  r a d i a l  and azimuthal d i s t r i b u t i o n  of t h e  
s t a t e  v a r i a b l e  of i n t e r e s t .  

P 

Solu t ion  scheme f o r  i nc lus ion  of deformed free-wake effects 
on dynamic response.-  
wake u t i l i z e s  the- previously discussed s o l u t i o n  scheme used 
when free-wake e f f e c t s  are n o t  included a s  an i n t e g r a l  p a r t  of 
an i t e r a t i v e  procedure which allows the  b lade  response and free- 
wake t o  i n t e r a c t .  

T h e  i nc lus ion  of t h e  e f f e c t s  of  a f r e e  

The free-wake e f f e c t  is  i n i t i a l l y  taken i n t o  account by using 
t h e  wake-induced v e l o c i t y  inf luence  c o e f f i c i e n t  matr ix  (o-matrix) 
and t h e  bound c i r c u l a t i o n  mat r ix  (r-matrix) generated by the  free- 
wake program t o  compute t h e  wake induced v e l o c i t i e s  a t  t h e  blade 
aerodynamic s e c t i o n  azimuthal loca t ions .  With t h e  i n i t i a l  induced 
v e l o c i t y  d i s t r i b u t i o n  known, these  va lues  are introduced i n t o  the  
a n a l y s i s  f o r  proper determinat ion of angles  of a t t a c k  and aero- 
dynamic loads and moments a t  azimuthal p o s i t i o n s  f o r  each aero- 
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dynamic sec t ion .  This bformat i .on  allows the cons t ruc t ion  of the 
aerodynamic t r a n s f e r  rnatrhes necessary f o r  the determinat ion of 
t h e  b lade  dynamic response i n  terms of a summation of the s teady  
and harmonic response.  

From t h e  dynamic response,  i n  p a r t i c u l a r  shear f o r c e  
q u a n t i t i e s ,  a r a d i a l  and azimuthal l i f t  d i s t r i b u t i o n  a c t i n g  on t h e  
b lades  can be  obtained. T h i s  d i s t r i b u t i o n  includes the  e f f e c t s  
due t o  b lade  response which i n  t u r n  i s  a func t ion  of the i n i t i a l  
v e l o c i t y  f i e l d .  To fac i l i t a te  the determinat ion of l i f t  va lues ,  
the b lade  s e c t i o n s  wi th  aerodynamics r ep resen ta t ion  are taken t o  
c o n s i s t  of on ly  aerodynamic c h a r a c t e r i s t i c s  such t h a t  a d i f f e r -  
ence i n  the  shea r  fo rces  a c t i n g  on t h e  inboard end of t h e  aero- 
dynamic blade s e c t i o n  and inboard end of t h e  previous outboard 
non-aerodynamic b lade  s e c t i o n  can be u t i l i z e d  t o  ob ta in  t h e  
a c t u a l  l i f t  forces a c t i n g  on t h e  aerodynamic b lade  sec t ion .  For 
consis tency i n  shea r  fo rce  vector o r i e n t a t i o n  t o  in su re  proper 
shear d i f f e r e n c e  determinat ion both t h e  aerodynamic and t h e  pre- 
vious outboard non-aerodynamic b lade  s e c t i o n  must have t h e  same 
l o c a l  coord ina te  system (i .e. ,  t h e  values  f o r  @, 0 ,  Y must be 
i d e n t i c a l  f o r  both s e c t i o n s ) .  

The a c t u a l  shear  f o r c e s  appl ied  t o  an aerodynamic b lade  
s e c t i o n ,  i, a t  the  azimuthal p o s i t i o n ,  J " ~ ,  due t o  aerodynamic and 
b l ade  response effects on t h i s  s e c t i o n  can be expressed as 

where t h e  C i - 1 )  s u p e r s c r i p t  denotes t h e  previous outboard non-aero- 

dynamic b lade  s e c t i o n .  
def ined  by Equation (168)  i s  t h e  f o r c e  a c t i n g  on t h e  outboard end 
of t h e  ( i + l ) t h  s e c t i o n  i n  t he  l o c a l  blade coordinate  system z 
d i r e c t i o n  ( p E p e n d i c u l a r  t o  t h e  b lade  s e c t i o n  chordl ine n o t  p e r  
turbed by c y c l i c  p i t c h ) .  The shear  fo rce ,  -V ( $  ) (i), which i s  
def ined by a s i m i l a r  f a r m  of Equation (168)  is t h e  f o r c e  a c t i n g  on 
t h e  outboard end of t h e  ( i + l ) t h  s e c t i o n  i n  the  l o c a l  b lade  co- 
o r d i n a t e  system -y d i r e c t i o n  F a r a l l e l  t o  t h e  b lade  s e c t i o n  chord- 
l i n e  n o t  per turbed by c y c l i c  p i t c h ) .  
d i r e c t i o n  of t he  l o c a l  blade coordinate  system z ax i s  does n o t  
coincide with t h e  d i r e c t i o n  of l i f t  a c t i n g  on t h e  blade.  

The shear  f o r c e ,  y, ($,I ( ' I ,  which has been 

Y k  

I t  should be noted t h a t  t h e  
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The l i f t  d i s t r i b u t i o n  a c t i n g  on the  i t h  aerodynamic blade 
s e c t i o n  a t  the k th  azimuthal p o s i t i o n  w i t h y a r i a b l e  induced velo- 
c i t y  and b l ade  response effects included can be  def ined as 

where t h e  angle ,  a ( i ) ,  i s  t h e  angle  between t h e  s e c t i o n  chord l i n e  
( ze ro  c y c l i c  p i tchf  and the r e s u l t a n t  v e l o c i t y  vec to r  a c t i n g  on 
t h e  i t h  aerodynamic b lade  s t a t i o n  a t  t h e  k t h  azimuthal pos i t i on .  
This angle  i s  def ined  approximately by t h e e x p r e s s i o n  

where a i s  t h e  c y c l i c  p i t c h ,  def ined  p o s i t i v e  for a i r f o i l  lead- 

i ng  edge r o t a t e d  upward, and a is  the  angle  of a t t a c k  of a i r -  i ,k 
f o i l  inc luding  c y c l i c  p i t c h  a t  s e c t i o n ,  if  and azimuthal p o s i t i o n  
denoted by JIk determined dur ing  t h e  previous b lade  dynamic re- 
sponse c a l c u l a t i o n s .  Thus, i n  order t o  determine t h e  l i f t  d i s t r i -  
bu t ion  as i n  Equation ( 1 7 0 )  it i s  necessary t o  consider  s e v e r a l  
harmonic c o e f f i c i e n t s  of t h e  shear f o r c e s  f o r  use  i n  t h e  form of 
Equation ( 1 6 8 )  and subsequently i n  Equations ( 1 6 9 ) .  

‘k 

A new nondimensional c i r c u l a t i o n  d i s t r i b u t i o n ,  r i i ) ,  pre- 
v ious ly  termed r-matrix,  i s  obta ined  by use of t h e  expression 

where L G i ) i s  t h e  e f f e c t i v e  length  of the  i t h  aerodynamic s e c t i o n  
and Vk Ti) i s  amplitude af t h e  r e s u l t a n t  v e l o c i t y  vector determined 
during t h e  previous b l ade  dynamic response c a l c u l a t i o n s  a c t i n g  on 
t h e  i - th  aerodynamic s e c t i o n  a t  t h e  k th  azimuthal l oca t ion .  I n  t h e  
aerodynamic r e p r e s e n t a t i o n  t h e  aerodynamic loading is appl ied  a t  
a p o i n t  b u t  t h e  loading va lues  r e p r e s e n t  t h a t  due t o  an e f f e c t i v e  
spanwise aerodynamic l eng th ,  f (i’ , over which l eng th  t h e  aerody- 
namic c h a r a c t e r i s t i c s  such as ang le  of a t t a c k  and v e l o c i t i e s  are 
i d e n t i c a l .  This method of determining t h e  new nondimensional cir- 
c u l a t i o n  d i s t r i b u t i o n  is an approximation s i n c e  both t h e  angle  of 
a t t a c k  and v e l o c i t y  d i s t r i b u t i o n s  used are those  obtained during 
t h e  previous dynamic response c a l c u l a t i o n s  ( i t e r a t i o n )  s i n c e  t h e  
e x a c t  va lues  are unobtainable .  

I_ 
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The new Tk (i) is combined with the old [GI-matrix from the 
free-wake program te obtain a new nondimensional induced velocity 
distribution which when multiplied by QR results in a new induced 
velocity distribution reflecting the coupling of the wake to the 
blade motions. This distribution can then be reinserted into the 
aerodynamic analysis and a new lift, circulation, and induced 
velocity distribution obtained. This process can be repeated 
until the desired degree of accuracy (or repeatability) is estab- 
lished at which time additional higher harmonics, not required 
during the wake iteration procedure, may be calculated. This 
section concludes the discussion of the analytical representation 
required to investigate the effects of a nonuniform swashplate on 
the dynamic response, and control loads of a helicopter. 

APPLICATION OF COMPUTER PROGRAM 

The computer program developed on the basis of the analyti- 
cal study was utilized to obtain the blade dynamic response of a 
four bladed H-34 rotor system model with various collective and 
cyclic control system stiffnesses. The results obtained showed 
only minor effects on blade dynamic response due to changes in 
the support system stiffness characteristics since the H-34 
system is stiff and restricts interblade coupling which would 
alter the natural frequencies and result in additional frequen- 
cies as was seen in the investigation of the much softer OH-6A 
support system investigated in reference 2. The use of artifi- 
cial elastic axis and mass offsets originally used to enhance 
coupling, instead of the zero values the H-34 blade normally 
has, resulted in steady and harmonic pitch horn loads altered 
significantly from those obtained from experimental results. 
This section will be concerned with the flight condition and 
swashplate control system configurations for which the computer 
program was executed and some of the results obtained. It 
should be noted that the SI system of units will be used for 
purposes of discussion although the British system of units were 
employed in the actual program execution. 

The fundamental H-34 rotor system information was obtained 
from reference 3 .  The model of the blade (lumped parameter model) 
was based on the blade model employed for reference 1 with some 
modification to reduce the number of stations representing the 
mass, elastic, and geometric blade characteristics. This data 
included elastic axis and mass offsets which were originally 
thought to have little, if any, significant effect on the results. 
The final blade data employed is presented in Appendix A in tabu- 
lar form. The aerodynamic effects on the blade were included by 
using eight aerodynamic stations with effective aerodynamic 
lengths to represent the NACA 0012 airfoil which begins at 1.397 
meters from the axis of rotation and ends at the blade tip. The 
effective aerodynamic length of the outboard aerodynamic section 
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w a s  modified t o  t a k e  i n t o  account t i p  losses. The b lades  had a 
uniform blade  t w i s t  of  -,139626 r ad ians  (outboard s e c t i o n s  r o t a t e d  
leading  edge down compared t o  inboard s e c t i o n s )  over  t h e  b lade  
a i r f o i l  l ength .  On t h e  b a s i s  of measurements r e p o r t e d  i n  
r e f e r e n c e  3 t h e  b lade  s t eady  coning ang le  used w a s  -.07854 r a d i a n s  
(blade coned upward) and t h e  lag  angle  used w a s  - . l o 4 7 2  r a d i a n s  
(blade lagged a f t ) .  The p i t c h  bear ing  ( f e a t h e r i n g ) ,  lead-lag 
hinge (sweep) , and f l a p  hinge w e r e  located .3048 meters from t h e  
r o t o r  hub c e n t e r l i n e  and o r i e n t e d  going inboard t o  outboard i n  
t h e  o rde r ;  f l a p ,  lead-lag,  and p i t c h .  

The c o n t r o l  rods  were a t t ached  t o  t h e  b lade  s h a f t  by t h e  
p i t c h  horn ahead of t h e  b l ade  p i t c h  a x i s  a d i s t a n c e  of ,20318 
meters. Attempts t o . a c q u i r e  information concerning t h e  breakdown 
of t h e  H-34 swashplate suppor t  system s t i f f n e s s e s  w e r e  n o t  
success fu l .  Reference 3 provided a va lue  of approximately 
78,638 Newton-meters p e r  r a d i a n  f o r  t h e  c o n t r o l  system s t i f f n e s s .  
Using t h i s  va lue  as  a b a s i s ,  a c o l l e c t i v e  system s t i f f n e s s  o f  
32,091 Newton-meters p e r  r a d i a n  and l a t e r a l  and l o n g i t u d i n a l  
c y c l i c  c o n t r o l  system s t i f f n e s s e s  of 63,307 Newton-meters pe r  
r ad ian  w e r e  chosen as t h e  r e fe rence  uniform s t i f f n e s s  cha rac t e r -  
i s t i c s  of t h e  c o n t r o l  system. Torsional  response c a l c u l a t i o n s  
w e r e  c a r r i e d  o u t  f o r  f i v e  f l i g h t  cond i t ions  c o n s i s t i n g  of one 
c r u i s e  speed f l i g h t ,  ~ = . 1 7 2 ;  one high speed f l i g h t ,  p . 2 9 1 ;  one 
r i g h t  t u r n ,  p=.235 and 1.34g loading;  one l e f t  t u r n ,  p=.244 and 
1.35g loading;  and f o r  one pu l lup ,  p=.223 and a 1.4g loading.  
The va lues  for  t h e  advance r a t i o ,  p, given above are based only 
on t h e  r a t i o  of forward speed t o  r o t a t i o n a l  t i p  speed and do n o t  
inc lude  induced e f f e c t s .  Of t h e s e  f i v e  f l i g h t  cond i t ions  t h e  
f i rs t  ( c r u i s e  f l i g h t )  was no t  based d i r e c t l y  on a f l i g h t  case i n  
r e fe rence  3 s i n c e  t h e  d e s i r e d  advance r a t i o  w a s  no t  a v a i l a b l e  
whereas t h e  remaining f o u r  are based i n  the o r d e r  g iven  on t h e  
experimental  f l i g h t s  r e f e r r e d  t o  as F l i g h t  1 6 ,  F l i g h t  39, F l i g h t  
4 0 ,  and F l i g h t  89 (Data Table 1 2 3 ) ,  r e s p e c t i v e l y ,  i n  r e fe rence  3. 
From t h e s e  experimental  cond i t ions  and ones similar t o  the c r u i s e  
f l i g h t  cond i t ion ,  va lues  f o r  t h e  forward speed, r o t a t i o n a l  speed, 
a i r  d e n s i t y ,  s h a f t  tilt ang les ,  c o l l e c t i v e  p i t c h  angle ,  and c y c l i c  
p i t c h  ang le s  w e r e  obtained.  

The program w a s  i n i t i a l l y  executed f o r  t h e  f i v e  f l i g h t  con- 
d i t i o n s  wi th  t h e  r e f e r e n c e  uniform c o n t r o l  system s t i f f n e s s  and 
wi th  uniform downwash v e l o c i t i e s  based on G e s s o w  and Myers (see 
re fe rence  4 )  t o  a s c e r t a i n  i f  t h e  necessary t h r u s t  w a s  being 
obtained and a l so  t o  o b t a i n  t h e  s teady  and one pe r  r e v  f l a p  motions 
necessary f o r  t h e  wake geometry program developed i n  r e fe rence  1. 
T h e  r e s u l t a n t  s t eady  t h r u s t  va lues  pe r  b lade  obta ined  from these 
runs  w e r e  much less than t h e  weight of t h e  a i r c r a f t .  To i n c r e a s e  
t h e  t h r u s t  f o r  each case, t h e  va lues  of l a t e ra l  and l o n g i t u d i n a l  
c y c l i c  p i t c h  ang le s  w e r e  f i xed  s l i g h t l y  decreased from t h e  o r i g -  
i n a l  va lues  whi le  maintaining t h e  same azimuthal  p o s i t i o n  o f  
maximum nega t ive  c y c l i c  (def ined as 6 r a d i a n s  ahead of  t h e  posi-  
t i o n  q = O  degrees  i n  our  convention o r  $=90 degrees  i n  t h e  s tandard  
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convention) and t h e  c o l l e c t i v e  p i t c h  increased.  For each f l i g h t  
t h e  effects of an inc rease  i n  c o l l e c t i v e  p i t c h  angle  increased 
t h e  t h r u s t  i n  e s s e n t i a l l y  a l i n e a r  fash ion  ( s t r a i g h t  l i n e  curve)  
such t h a t  t h e  necessary c o l l e c t i v e  p i t c h  values  f o r  t h e  d e s i r e d  
t h r u s t  could be obtained by i n t e r p o l a t i o n .  The c r i t e r i o n  for  
t h e  proper t h r u s t  per  blade i n  forward f l i g h t  w a s  t h a t  t h e  value 
f o r  t h r u s t  should be between 12 ,788 .6  Newton's (average weight 
of h e l i c o p t e r  divided by t h e  number of b l ades ,  four  f o r  t h e  H-34 
h e l i c o p t e r )  and 1 2 , 0 1 0 . 2  Newton's ( t h e  f i r s t  value minus t h e  
blade weight) s i n c e  t h e  program i n t e r n a l l y  cons iders  t h e  b lade  
weight effects.  For t h e  maneuver type  condi t ions  t h e  g f a c t o r  
w a s  appl ied  t o  t h e  upper and lower l i m i t s  t o  o b t a i n  t h e  d e s i r e d  
t h r u s t  range. The r e s u l t i n g  c o l l e c t i v e  and c y c l i c  p i t c h  inpu t  
va lues  obtained f o r  each f l i g h t  condi t ion  t o  y i e l d  t h e  requi red  
t h r u s t  and, i n  add i t ion ,  t h e  uniform downwash v e l o c i t i e s  and t h e  
r e s u l t a n t  t h r u s t  per  b lade  are presented i n  Table I. The method 
u t i l i z e d  t o  o b t a i n  c y c l i c  and c o l l e c t i v e  p i t c h  va lues  r e p r e s e n t s  
only a trimming of c o n t r o l  v a r i a b l e s  i n  regards  t o  t h r u s t  va lues  
and does no t  inc lude  c r i t e r i a  r e l a t e d  t o  r o l l  and p i t c h  moment 
values .  

T h e  sets of c o n t r o l  s y s t e m  s t i f f n e s s  va lues  u t i l i z e d  by t h e  
program with va r ious  f l i g h t  condi t ions  w e r e  chosen t o  a l low a 
rough determinat ion of t h e  genera l  e f f e c t  of changes i n  collec- 
t i ve  s t i f f n e s s ,  c y c l i c  s t i f f n e s s ,  o r  t h e  c o n t r o l  rod s t i f f n e s s  
on t h e  blade dynamic response behavior i n  add i t ion  t o  v e r i -  
f i c a t i o n  of c o r r e c t  program opera t ion .  The parameters which 
were previous ly  presented ,  necessary t o  def ine  t h e  l a t e r a l  
c y c l i c ,  l o n g i t u d i n a l  cyc l ic  and c o l l e c t i v e  c o n t r o l  system s t i f f -  
ness ,  a r e  t h e  l i n e a r  sp r ing  s t i f f n e s s e s ;  k K and km; t h e  

l i nea r  o f f s e t s ;  b j ,  dmt and am; t h e  l o c a t i o n  angles ;  $m and x - 
and t h e  i n t e g e r  c o n t r o l s ;  Nb and N 

of four  b lades  equal ly  spaced and t h e  o f f s e t s  b 

zero,  t h e  c o l l e c t i v e  s t i f f n e s s ,  l a t e r a l  cycl ic  s t i f f n e s s ,  and 
long i tud ina l  c y c l i c  s t i f f n e s s  can be expressed i n  t h e  form*: 

j '  
j '  . W i t h  t h e  assumption e.s. 

and dm equal  t o  
j 

C N e . s .  

*The d e r i v a t i o n  of these equat ions i s  a v a i l a b l e  i n  re ference  5 
which i s  t h e  documentation pe r t a in ing  t o  t h i s  computer program. 
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These express ions ,  assuming three equal ly  spaced e l a s t i c  suppor ts  
2lT (i.e. N 

ob ta in  t h e  c o n t r o l  system c o l l e c t i v e ,  la teral  c y c l i c ,  and longi- 
t u d i n a l  c y c l i c  s t i f f n e s s e s  corresponding t o  given sets o f  i npu t  
va lues  f o r  t h e  v a r i a b l e s  a s soc ia t ed  with t h e  l i n e a r  spring-damper 
u n i t s  involved i n  t h e  r ep resen ta t ion  of t h e  swashplate c o n t r o l  
system. The i n p u t  spring-damper s t i f f n e s s  va lues  which were 
used and t h e  r e s u l t i n g  c o l l e c t i v e ,  l a te ra l  c y c l i c ,  and longi-  
t u d i n a l  c y c l i c  c o n t r o l  system s t i f f n e s s e s  are presented i n  
Table 11. 

w e r e  used t o  = --), = 3 ,  x1 = 0, x2  = 3, and x e.s. 3 3  

Wake i t e r a t i o n  program runs  were executed f o r  var ious  
combinations of f l i g h t  condi t ions  and c o n t r o l  system s t i f f n e s s  
conf igu ra t ions  using t h e  s t eady ,  one pe r  r ev . ,  and two p e r  rev.  
dynamic responses t o  determine t h e  induced v e l o c i t y  d i s t r i b u t i o n  
f o r  each subsequent i t e r a t i o n .  A l l  of t h e s e  runs a r e  l i s t e d  by 
f l i g h t  cond i t ions  i n  Table 111 with information as t o  t h e  r o t o r  
r o t a t i o n a l  speed, $2 ( radians/second);  forward f l i g h t  speed, 
V (meters/second);  a i r  d e n s i t y ,  p (kilograms/cubic meter); and 
s h a f t  tilt angle ,  as ( r ad ians  above t h e  p o s i t i o n  of t h e  s h a f t  
p a r a l l e l  t o  t h e  d i r e c t i o n  of forward f l i g h t ) .  The run code con- 
sists of a numeric character s i g n i f y i n g  t h e  f l i g h t  cond i t ion  
involved and an a lphabe t i c  cha rac t e r  denoting t h e  c o n t r o l  system 
s t i f f n e s s  conf igura t ion  used. The r e s u l t i n g  s t eady  blade root; 
p i t c h  angle  ( p o s i t i v e  lead ing  edge r o t a t e d  upward), coning angle  
( p o s i t i v e  b lade  t i p  r o t a t e d  downward), lead-lag angle  ( p o s i t i v e  
blade t i p  r o t a t e d  forward) ,  and t h r u s t  pe r  blade are a l s o  
included. 

The blade r o o t  angles  are obtained by adding t h e  r e s u l t i n g  
blade r o o t  pe r tu rba t ion  angles ;  $x, @ y ,  and @ z ;  i n  r e spec t ive  
o rde r  t o  t h e  c o l l e c t i v e  p i t c h ,  coning, and lead-lag i n p u t  va lues  
corresponding t o  t h e  f l i g h t  condi t ion  involved. The s teady  
blade r o o t  p i t c h ,  coning, and lead-lag va lues  i n  Table I11 a r e  
t h e i r  r e s p e c t i v e  values  j u s t  outboard of t h e  f e a t h e r i n g  bear ing ,  
f l a p  hinge, and lead-lag hinge,  r e spec t ive ly .  The changes i n  
t h e  s teady  blade r o o t  coning and lead-lag angles  from t h e i r  
r e s p e c t i v e  inpu t  values  are more pronounced than t h e  changes i n  
t h e  s teady  blade r o o t  p i t c h  angles  from t h e i r  i npu t  values .  
This is  due t o  t h e  f a c t  t h a t  t h e  inpu t  coning and lead-lag angles  
are only approximate and d e f i n e  t h e  o r i e n t a t i o n  of t h e  blade 
spanwise a x i s  i n  t h e  l o c a l  coord ina te  system ( r e fe rence  system 
for  determinat ion of response v a r i a b l e s )  as i f  t h e  blade was 
r i g i d l y  r o t a t e d  about t h e  f l a p  and lead-lag hinge axes.  When 
t h e  b lade  i s  allowed t o  respond t o  t h e  appl ied  f o r c e s  and 
moments, as i n  a dynamic response c a l c u l a t i o n ,  t he  b lade  may 
d e f l e c t  s i g n i f i c a n t l y  from t h e  r e fe rence  p o s i t i o n s  a t  each 
r a d i a l  s e c t i o n  inc luding  blade r o o t  p o s i t i o n .  The change i n  
s teady r o o t  p i t c h  i s  d i r e c t l y  r e l a t e d  t o  t h e  c o n t r o l  s y s t e m  
c o l l e c t i v e  s t i f f n e s s  which i n  t h e  runs executed w a s  s u f f i c i e n t l y  
high such t h a t  only a very s m a l l  s teady  p i t c h  angle  pe r tu rba t ion  
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TABLE 111 
PROGRAM RUNS EXECUTED 

Run 

l - C  

1-D 

1- I 
' 

S t e a d y  Root Values 
P i t c h  Coning L e a d - l a g  T h r u s t  

F l i g h t  
Variable 

(rad) ( r a d )  ( r a d )  (N 1 

Q=22.4100 0.29943 -0.08112 -0.13617 12 ,082 .7  
v=55.5993 
~ ~ 1 . 0 9 7 7 5  0.29919 -0.08126 -0.13615 1 2 , 1 0 8 . 1  
~1 ~ 1 . 4 6 6 1  . 

0.30203 -0.08369 -0.13840 12 ,428 .3  S 
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w a s  necessary t o  coun te rac t  t h e  b lade  to rque  a t  t h e  c o n t r o l  
to rque  a p p l i c a t i o n  p o i n t  i n  o rde r  t o  have zero  torque  a t  t h e  
p i t c h  bear ing .  

Comparison of b lade  root  t h r u s t  va lues  presented  i n  Table I 
( t h r u s t  t r i m  runs )  and Table I11 (wake i t e r a t i o n  runs )  provides  
information as t o  t h e  effect  of  i n c l u s i o n  of free-wake e f f e c t s  
i n  t h e  induced v e l o c i t y  d i s t r i b u t i o n  de termina t ion  on t h e  b lade  
r o o t  t h r u s t  value.  In  t h e  high speed forward f l i g h t  cond i t ion ,  
t h e  t h r u s t  value dropped from 1 2 , 6 9 9 . 7  Newtons wi th  a uniform 
induced v e l o c i t y  f i e l d  t o  12,082.7 Newtons wi th  t h e  free-wake 
generated induced v e l o c i t y  f i e l d  ( ~ 5 %  drop)  where the same 
c o n t r o l  system s t i f f n e s s ,  s t i f f n e s s  case C ,  w a s  employed. In  
t h e  c r u i s e  speed forward f l i g h t  cond i t ion ,  t h e  t h r u s t  va lue  
dropped from 12,481.7 Newtons t o  12,112.5 Newtons (%3% d r o p ) .  
In  a s imi l a r  manner, us ing  t h r u s t  va lues  from Table I11 cor re -  
sponding t o  t h e  c o n t r o l  system s t i f f n e s s  case B which has  
e s s e n t i a l l y  t h e  same c o l l e c t i v e  c o n t r o l  system s t i f f n e s s  a5 
t h a t  i n  c o n t r o l  system s t i f f n e s s  case C,  t h e  e f f e c t  of i nc lud ing  
t h e  free-wake effects  i n  t h e  maneuver f l i g h t  cond i t ions  r e s u l t e d  
i n ;  a drop i n  t h e  t h r u s t  from 1 6 , 7 9 2 . 0  Newtons t o  15,790.3 
Newtons (%6% drop)  f o r  t h e  r i g h t  t u r n  maneuver, a drop i n  t h e  
t h r u s t  from 16,769.8 Newtons t o  15,773.8 Newtons ($6% drop)  f o r  
t h e  l e f t  t u r n  maneuver, and a drop i n  t h e  t h r u s t  from 17,543.8 
Newtons t o  15,138.2 Newtons ( ~ 1 4 %  drop) f o r  t h e  pu l lup  maneuver. 
Thus, t h e  i n c l u s i o n  of free-wake e f f e c t s  i n  t h e  b lade  response 
c a l c u l a t i o n s  s i g n i f i c a n t l y  reduced t h e  t h r u s t  p e r  b lade  compared 
t o  t h a t  obtained wi th  blade response c a l c u l a t i o n s  u t i l i z i n g  a 
uniform downwash d i s t r i b u t i o n .  However, t h e  above percentages 
are dependent upon t h e  i n p u t  uniform induced v e l o c i t y  va lue  
used i n  each f l i g h t  cond i t ion  t o  determine t h e  base t h r u s t  
value.  

The independent e f f e c t s  of t h e  c o n t r o l  system; c o l l e c t i v e  
s t i f f n e s s ,  l a te ra l  c y c l i c  s t i f f n e s s ,  and l o n g i t u d i n a l  c y c l i c  
s t i f f n e s s ;  on t h e  behavior  of t h e  four  s t eady  root  v a r i a b l e s  
presented  i n  Table I11 cannot be a s c e r t a i n e d  i n  d e t a i l  s i n c e  
t h e  number of c o n t r o l  system s t i f f n e s s  c o n f i g u r a t i o n s  for  any 
one f l i g h t  case is  n o t  s u f f i c i e n t  t o  s e p a r a t e  t h e  cause and 
e f f e c t  r e l a t i o n s h i p s  involved. However, some gene ra l  behavior  
c h a r a c t e r i s t i c s  of  t h e  s t eady  r o o t  variables can be noted. 
Except f o r  a few except ions ,  t h e  abso lu te  va lues  of the  f o u r  
s teady  root  v a r i a b l e s  behave i n  t h e  same manner as a r e s u l t  of 
a change i n  c o n t r o l  system s t i f f n e s s  conf igu ra t ion .  That i s ,  
f o r  a given change i n  c o n t r o l  system s t i f f n e s s  parameters all 
of t h e  v a r i a b l e s  e i t h e r  increased  or decreased i n  abso lu t e  
value.  Cont ro l  system c o l l e c t i v e  s t i f f n e s s  changes appear t o  
be  t h e  dominant c o n t r i b u t i n g  f a c t o r  t o  changes i n  t h e  values  
f o r  t h e  s t eady  root  v a r i a b l e s  as would be expected. This 
conclusion i s  borne o u t  t o  some e x t e n t  by no t ing  t h a t  of t h e  
runs  p e r t a i n i n g  t o  t h e  c r u i s e  forward f l i g h t  cond i t ion  t h e  
h i g h e s t  abso lu t e  va lues  f o r  t h e  s teady  root  v a r i a b l e s  w e r e  
ob ta ined  wi th  t h e  s t i f f e s t  s t i f f n e s s  conf igu ra t ion ,  s t i f f n e s s  
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case I ,  where t h e  c o n t r o l  system c o l l e c t i v e  s t i f f n e s s  w a s  
60,935.7 Newtons-meters/radian and t h e  lowest  abso lu t e  va lues  
f o r  t h e  s teady  r o o t  v a r i a b l e s  w e r e  ob ta ined  f o r  s t i f f n e s s  
case G i n  which t h e  cont ro l  system c o l l e c t i v e  s t i f f n e s s  w a s  
2 7 , 6 6 9 . 9  Newton-meters/radian. 

The r e s u l t s  of t h e  program runs  w e r e  scanned t o  v e r i f y  t h a t  
t h e  a n a l y s i s  o p e r a t i o n a l  i n  t h e  computer program w a s  performing 
c o r r e c t l y .  The dynamic response v a r i a b l e s ;  b lade  s l o p e s ,  blade 
displacements ,  b lade  shears, b lade  moments, p i t c h  horn loads  
( c o n t r o l  l o a d s ) ,  and swashplate c o n t r o l  system d e f l e c t i o n s ;  
r e s u l t i n g  from each run i n  harmonic f o r m  were observed t o  
s a t i s f y  a l l  boundary cond i t ions  and d i s c o n t i n u i t y  cond i t ions  
employed by t h e  program. Due t o  t h e  magnitude of t h e  va lues  
used i n  the  c o n t r o l  system s t i f f n e s s  conf igu ra t ions  only minor 
changes r e s u l t e d  i n  t h e  dynamic response v a r i a b l e s  as a r e s u l t  
of changes i n  c o n t r o l  system s t i f f n e s s  characterist ics.  Some 
of t h e  harmonic r e s u l t s  w e r e  employed t o  gene ra t e  azimuthal 
d i s t r i b u t i o n s  f o r  comparison wi th  experimental  r e s u l t s  obtained 
i n  r e fe rence  3. With t h e  except ion of p i t c h  horn load d i s t r i -  
bu t ions  and t o r s i o n a l  moment (blade to rque )  d i s t r i b u t i o n s  t h e  
r e s u l t s  compared favorably  wi th  t h e  experimental  r e s u l t s  
cons ider ing  t h a t  t h e  va lues  f o r  c o l l e c t i v e  and c y c l i c  p i t c h  
w e r e  d i f f e r e n t  t han  those  measured i n  r e f e r e n c e  3 and t h a t  only 
t h e  s t eady ,  one p e r  rev .  and t w o  per  r ev .  shear  responses  
were u t i l i z e d  t o  o b t a i n  the  free-wake generated v a r i a b l e  in-  
duced v e l o c i t y  f i e l d s .  

The l a r g e  discrepancy between t h e  t h e o r e t i c a l l y  p red ic t ed  
and experimental ly  obta ined  p i t c h  horn loading azimuthal d i s t r i -  
bu t ions  w a s  i n v e s t i g a t e d  t o  a s c e r t a i n  i t s  probable  cause.  This  
discrepancy i n  p red ic t ed  and experimental  p i t c h  horn loadings 
f o r  t h e  high speed forward f l i g h t  cond i t ion  i s  dep ic t ed  i n  
F igure  10, which r e p r e s e n t s  t h e  p i t c h  horn loading azimuthal 
d i s t r i b u t i o n  obta ined  f r o m  program run l - C  and t h a t  ob ta ined  
from re fe rence  3 .  The s i g n  convention f o r  t h e  p i t c h  horn load- 
i n g  w a s  based on assuming t h e  p i t c h  horn load  t o  be p o s i t i v e  
when i t s  e f f e c t  i s  coun te rac t ing  a p o s i t i v e  b lade  to rque  (posi-  
t i v e  f o r  moment tending  t o  ro ta te  t h e  b lade  l ead ing  edge upward). 
Thus, f o r  t h e  H-34 h e l i c o p t e r  r o t o r  system i n  which t h e  c o n t r o l  
rod i s  a t t ached  t o  t h e  p i t c h  horn ahead of t h e  p i t c h  a x i s ,  a 
p o s i t i v e  p i t c h  horn load r e p r e s e n t s  a downward f o r c e  app l i ed  t o  
t h e  p i t c h  horn w i t h  t h e  c o n t r o l  rod being i n  t ens ion .  The 
azimuthal  v a r i a b l e  u t i l i z e d  i n  Figure 1 0  corresponds t o  t h e  
s tandard  d e f i n i t i o n  of azimuthal  l o c a t i o n  
zero when b lade  i s  d i r e c t l y  a f t )  and n o t  t h e  azimuthal r e fe rence  
v a r i a b l e  u t i l i z e d  i n  t h e  a n a l y s i s .  This  r equ i r ed  t h e  t h e o r e t i c a l  
p i t c h  horn loading  t o  be determined re la t ive t o  t h e  r e fe rence  
v a r i a b l e ,  $, used i n  t h e  a n a l y s i s  and then  p l o t t e d  a t  $standard 
equa l  t o  J, + ~ / 2 .  The va lues  f o r  t h e  p i t c h  horn loading  har- 
monics w e r e  ob ta ined  by d i v i d i n g  t h e  (AT) v a r i a b l e  ou tpu t t ed  
in t h e  s o l u t i o n  vec to r  for  each harmonic by t h e  d i s t a n c e ,  am, 

(i.e. $standard i s  
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where, depending on t h e  blade niodel, t h e  (AT) harmonic is  equal  
or approximately equa l  t o  t h e  b l ade  torque  harmonic o f  t h e  
s e c t i o n  outboard of t h e  s e c t i o n  inboard of which t h e  c o n t r o l  
torque i s  appl ied .  

mined p i t c h  horn loading  d i s t r i b u t i o n s  i t  is  obvious t h a t  a 
s i g n i f i c a n t  d i f f e r e n c e  i n  t h e  s t eady  component occurs .  The 
experimental  r e s u l t s  obtained from r e f e r e n c e  3 w e r e  harmonically 
analyzed t o  o b t a i n  t h e  harmonic amplitudes and a s s o c i a t e d  phase 
angles  f o r  comparison wi th  t h e  corresponding t h e o r e t i c a l  va 
The p i t c h  horn loading  harmonic con ten t ,  amplitude and phasing,  
of t h e  t h e o r e t i c a l  and experimental  d i s t r i b u t i o n s  shown i n  
F igure  1 0  i s  compared i n  F igures  11 and 1 2 .  The harmonic c o n t e n t  
shown i n  t h e s e  f i g u r e s  has been determined r e l a t ive  t o  t h e  
azimuthal  p o s i t i o n  def ined  by t h e  r e fe rence  v a r i a b l e ,  $, equal  
t o  zero.  By t ak ing  t h e  t h e o r e t i c a l  s t eady  p i t c h  horn t o  be  t h a t  
of t h e  experimental  d a t a  and us ing  t h e  t h e o r e t i c a l  harmonics, 
a t h i r d  d i s t r i b u t i o n  ( s h i f t e d )  w a s  ob ta ined  and added t o  
F igure  1 0 .  The s h i f t e d  t h e o r e t i c a l  curve i s  i n  b e t t e r  agreement 
w i t h  t h e  experimental  r e s u l t s .  I t  can be concluded t h a t  a 
primary d i f f e r e n c e  i n  t h e  experimental  and theoret ical  r e s u l t s  
i s  t h e  magnitude and s i g n  of t h e  s t eady  p i t c h  loads .  

On comparison of t h e  t h e o r e t i c a l l y  and experimental ly  deter- 

I n  an  i n v e s t i g a t i o n  t o  determine t h e  cause of t h e  l a r g e  
s t eady  negat ive  p i t c h  horn loads ,  it w a s  found t h a t  t h e  m a s s  
and e l a s t i c  of fse t s  repor ted  f o r  t h e  H-34 b lade i n  r e fe rence  1 
and used i n  t he  p r e s e n t  a n a l y s i s  were t h e  s i g n i f i c a n t  c o n t r i -  
b u t o r s  t o  l a r g e  s teady  f e a t h e r i n g  to rques  which are d i r e c t l y  
r e l a t e d  t o  s teady  p i t c h  horn loadings.  I n  t h e  h igh  speed 
f l i g h t  cond i t ion  t h e  c e n t e r  of m a s s  o f f s e t s  of 0 .00417  meters 
ahead of t h e  n e u t r a l  a x i s  combined wi th  p e r t u r b a t i o n  q u a n t i t i e s  
and c e n t r i f u g a l  f o r c e  components f o r  a l l  mass s t a t i o n s  occurr ing  
outboard of t h e  a i r f o i l  cu tou t  w a s  found t o  c o n t r i b u t e  approxi- 
mately 85 pe rcen t  of t h e  nega t ive  f e a t h e r i n g  torque  a c t i n g  a t  
t h e  c o n t r o l  to rque  d i s c o n t i n u i t y  app l i ca t ion ’  poin t .  Roughly, 
an a d d i t i o n a l  1 0  pe rcen t  of t h e  nega t ive  f e a t h e r i n g  torque  w a s  
due t o  t h e  aerodynamic f o r c e s  a c t i n g  a t  q u a r t e r  chord which 
w a s  0 .002083 meters a f t  of t h e  e las t ic  a x i s .  In  a d d i t i o n ,  
t h e s e  a r t i f i c i a l  o f f s e t s  may r e s u l t  i n  d i f f e r e n c e s  i n  t h e  
harmonic con ten t  of f e a t h e r i n g  torque  and thereby p i t c h  horn 
loadings  both  due t o  t h e i r  involvement i n  t h e  a n a l y t i c a l  rotor  
system r e p r e s e n t a t i o n  f o r  a l l  dynamic response harmonics and 
due t o  interharmonic coupling i n  which t h e  harmonics above and 
below t h e  harmonic of i n t e r e s t  can e f fec t  t h e  r e s u l t s  obtained 
f o r  t h e  harmonic of i n t e r e s t .  Since these s m a l l  o f f s e t s  w e r e  
n o t  p re sen t  i n  t h e  phys ica l  system, it w a s  concluded t h a t  t h e s e  
o f f s e t s  w e r e  a major cause of t h e  d i f f e r e n c e  between t h e  experi-  
mental and p red ic t ed  r e s u l t s .  This  e f f e c t  of t h e  s m a l l  o f f s e t s  
suggest  t h a t  t h e  dynamic response of a h e l i c o p t e r  rotor  system 
may be much more s e n s i t i v e  t o  t h e  spanwise d i s t r i b u t i o n  of t h e  
c e n t e r  of mass and e l a s t i c  a x i s  l o c a t i o n s  than  previous ly  
suspected.  
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Representative azimuthal plots of the predicted flapwise 
bending moment, chordwise bending moment, and torsional moment 
for the same high speed flight condition are compared with the 
measured results from reference 3 in Figures 13 thru 15. Since 
the H-34 blade system is highly uncoupled it is not expected 
that the neutral axis and mass offsets would provide a very 
significant effect of the high negative torsional loading on 
the bending moments. This is borne out in that the behavior of 
the predicted results seems to follow the azimuthal trend of 
the experimental data. 
theoretical results would be further improved if additional 
harmonics were included in the interharmonic coupling repre- 
sentation (one/rev. above and below the harmonic of interest 
was used in program runs) and ir the free-wake induced velocity 
determination and if the artificial offsets were removed. 

The comparison of experimental and 

CONCLUDING REMARKS AND RECOMMENDATIONS 

The program which has been developed for this investigation 
is a highly sophisticated theoretical representation of heli- 
copter rotor systems. The coded analysis includes the effect 
of an anisotropically mounted flexible swashplate or a gyroscope 
control system and the effects of a deformed free-wake. The 
analysis has the capability of predicting the response charac- 
teristics of helicopter rotor systems in both forward flight 
and steady-state maneuver conditions, The quasi-steady blade 
aerodynamics representation can utilize an induced velocity 
field which is either uniform, variably defined, or one which 
is generated on successive iterations based on information 
from a free-wake analysis. The programmed analysis includes 
aerodynamic interharmonic coupling and also structural inter- 
harmonic coupling thru the swashplate or gyroscope without 
the necessity of information concerning the rotor system 
natural frequencies or related mode shapes. The analytical 
method employed allows for the straightforward extension of 
the program to include unsteady phenomena such as transient 
maneuvers and gust loading effects. Also the program is in a 
form such that it could be modified to investigate the stability 
and vibration characteristics of helicopter rotor systems in 
forward flight or maneuvers. 

The blade dynamic response calculations which were carried 
out indicate that even with the high control system stiffnesses 
involved that the program provides an effective method of inves- 
tigating the dynamic response behavior of present or future 
helicopter rotor systems. Considering the extensive information 
that can be obtained by use of this program, the program is a 
very efficient tool for use in investigating the effects of 
various parameters on the dynamic characteristics of a heli- 
copter rotor system. A significant result of the execution of 
the program for the H-34 rotor system was the observation that 
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there is a significant effect of small offsets of the center of 
mass from the blade neutral axis and of the blade neutral 
axis from the blade aerodynamic center on the pitch horn loads 
and torsional moments. This result suggests that the blade 
pitch horn control loads may be more sensitive to the spanwise 
distribution of center of mass, neutral axis, and aerodynamic 
center locations than previously thought. 

It is recommended that the program be extended to repre- 
sent the unsteady phenomena a helicopter system might encounter 
as well as altering the program to provide the option of calcu- 
lating the vibrational or stability characteristics of helicopter 
rotor systems. In addition, it is recommended that in order to 
more fully investigate the capabilities of the program and to 
show the effects of a nonuniform swashplate that the program be 
used to investigate the dynamic characteristics of a rotor 
system having a soft control system such as the OH-6A. 
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APPENDIX B 

CONWERSION O F  UNITS 

The following conversion relationships are those which were 
utilized to convert variable values originally in the British 
system of units to the corresponding values in the SI system of 
units for purposes of discussion in this report. 

1 foot = .3048006 meters 

1 pound = 4.448222 Newtons 

1 slug = 14.59388 kilograms 

1 foot/second = .3048006 meters/second 

1 foot-pound = 1.355821 Newton-meters 

1 pound/foot = 14.59388 Newtons/meter 
2 1 pound-foot2 = .4132550 Newton-meters 

1 slug-foot2 = 1.355821 kilogram-meters 

1 slug/foot3 = 515.3750 kilograms/meter 

2 

3 

1 foot-pound/radian = 1.355821 Newton-meters/radian 

1 radian/(foot-pound) = .7375607 radians/(Newton-meter) 
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